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OiA-BSTRACT: A diagrammatic expansion of coefficients in the low- momentum expansion of the 



^genus-one four-particle amplitude in type II superstring theory is developed. This is applied 



K^to determine coefficients up to order (where s is a Mandelstam invariant and R the 

• '-jlinearized super-curvature), and partial results are obtained beyond that order. This involves 
''^integrating powers of the scalar propagator on a toroidal world-sheet, as well as integrating over 
5^the modulus of the torus. At any given order in s the coefficients of these terms are given by 
rational numbers multiplying multiple zeta values (or Euler-Zagier sums) that, up to the order 
studied here, reduce to products of Riemann zeta values. We are careful to disentangle the 
analytic pieces from logarithmic threshold terms, which involves a discussion of the conditions 
imposed by unitarity. We further consider the compactification of the amplitude on a circle of 
radius r, which results in a plethora of terms that are power-behaved in r. These coefficients 
provide boundary 'data' that must be matched by any non-perturbative expression for the low- 
energy expansion of the four-graviton amplitude. 

The paper includes an appendix by Don Zagier. 
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1. Introduction 



The low-momentum expansion (or a' expansion) of string theory scattering amplitudes produces 
an infinite sequence of stringy corrections to Einstein supergravity. Although the coefficients in 
the momentum expansion of tree-level amplitudes are easily obtained to all orders, it is far more 
difficult to obtain the coefficients in the expansion of higher-genus contributions. Knowledge 
of such terms might be of use in constraining non-perturbative extensions of string amplitudes. 
However, determining these coefficients is technically challenging, as we will see. 

We will here be interested in the low-momentum expansion of the genus-one scattering 
amplitude for four particles in the massless supergravity multiplet. Each external particle is 
labeled by its momentum (r = 1, 2, 3, 4), where = 0, and its superhelicity which takes 
256 values (the dimensionality of the maximal supergravity multiplet). The genus-one amplitude 
has the form Q, 

^T:^^",a = 'K,,M^ (1-1) 

where I is the integral of a modular function, 

I{s,t,u)= / —F{s,t,u;T), (1.2) 



where F{s, t, u; r) is defined in eq. (2.1) and s, t, u are Mandelstam invariants^ and r = ri + ir2 



and cPt = dTidT2 = dTdT/2. The integral is over a fundamental domain of S'L(2,Z), defined by 

^ = {|ri|<i,|r|2>l}. (1.3) 
The kinematical factor in (^]^) is given by (see (7.4.57) of Q) 

I^Ci,C2,C3,C4(^'i'^'2,P3,P4) = Ci^'Ci'^'Cs'^'cF''' Kabcd Ka'B'C'D' , (1.4) 

where the indices A, B on the polarization tensors C,^^ run over both vector and spinor values 
(for example, the graviton polarization is C^'^i where /i, = 0, 1, . . . , 9) and the tensor i^i^T is 
defined in In the case of external gravitons R reduces to the linearized Weyl curvature, 
RfipvcF = — 4p[^ Cp][o-Pjy], and the kinematic factor is i?^, which denotes the product of four 
Weyl curvatures contracted into each other by a well-known sixteen-index t%t% tensor defined in 



appendix 9. A of y]. The integrand in (IJ.) is given by the expectation value of the product of 
the vertex operators for the four external states integrated over their insertion positions on the 
toroidal world-sheet of complex structure r. 

The expression (|1 . 1| ) is free from divergences. We can anticipate it has a low- momentum 
expansion that is the sum of an analytic part and a non-analytic part associated with threshold 
singularities, 

I(S, t, u) = Ian{s, t, U) + Inonan{s, t, u) . (1.5) 

As shown in the analytic part can be expressed in a power series in the Mandelstam invari- 
ants, 

oo oo 

4„(s,t,n)=^^af<73^>'''), (1.6) 

p=0 g=0 



^The Mandelstam invariants are defined by s = — (pi +P2)^, t = — (pi +PiY ^-'^d u — — (pi bjiA satisfy 

the mass-sliell constraint s + t + u = 0. 



where 



/\2 //\3 //\3 



<^2 = (j) {s' + t' + u') '^3=(j) (s^ + t' + n^) = 3( - ) Sin, (1.7) 



and J(P'«) are constant coefficients tliat are to be determined. The series ( |1.6D is tlie most general 



power series in Mandelstam invariants tfiat is symmetric in s, t and u, subject to s + 1 + u = 0, 
as follows by making use of the identity, 

^ 2p+3g=ri ^ ^ \ / \ / 

Each term in the series is a symmetric monomial in the Mandelstam invariants of order r = 
2p + 3g. For r < 6 there is a single kinematic structure (a single term for a given value of r), 
but there is a two- fold degeneracy for r = 6, associated with and J^'''^^ and thereafter the 

degeneracy of the kinematic factors increases sporadically. 

The nonanalytic terms have branch cuts with a structure that is determined by unitarity. 
These singularities arise as infrared effects of internal massless states (i.e., supergravity states) in 
the loop. The discontinuities across these branch cuts are given by products of string tree-level 
amplitudes integrated over the phase space of the (massless) states. The lowest order term is 
the one-loop contribution of maximal supergravity, while higher-order nonanalytic terms arise as 
stringy effects from higher-order terms in the expansion of the tree amplitudes. As will become 
apparent later, the resulting structure of the nonanalytic contribution to /(s, t, u) is given by a 
series of terms, 

Inonanis, t, u) = IsUGRA + Inonan (4) + Inonan (6) + ^nonan (7) + ' ' ' ) (1-9) 

where IsuGRA is the integral that arises in one-loop maximal supergravity. This has a compli- 
cated set of threshold singularities, that have discontinuities in a single Mandelstam variable, as 
well as terms that have multiple discontinuities (as will be reviewed in detail in section Q). The 
nature of the singularities of Inonan depends on the space-time dimension. In ten dimensions 
the higher-order threshold terms, Inonan {t)^ have logarithmic branch points, schematically of the 
form s'^ ln(— a's//Xr), where is a constant scale. After compactification on a circle to nine 
non-compact dimensions they are half-integer powers, schematically of the form [—a's)^'^'^/'^ 
with integer k. 

One motivation for evaluating the constants J(P''?) is to constrain the complete, non-perturbative, 
expression for the low-energy expansion of the four-particle amplitude. For example in the IIB 
case the exact SL{2, Z)-invariant amplitude must have analytic pieces of the form 

oo 

^ f (p,,)(fi, n) e(2f+3.-i)^/2 a^.al , (1.10) 

p,q=0 

where = ili + iil.2 = C^^^ + ie""^ is the complex coupling constant that is given in terms of 
the Ramond-Ramond pseudoscalar, C^^\ and the dilaton (p. The explicit power of the string 
coupling constant gs = e'^ disappears in the Einstein frame and ,j)(0, is a modular function 
that contains both perturbative terms (that are power-behaved in 0.2^ = Qs for small gs) and 
non-perturbative (instantonic) contributions (that behave like e"'^'^"/^^). The genus-one terms 
arise in (1.10) from the piece of f(p,q) proportional to e^^~'^^~^'^'^'^^'^ J^P''^\ This amplitude may 



be interpreted in terms of a local effective action which can be schematically written in the form 
a''-' J e(2p+39-i)<A/2 ^e^^^^^i^, n) Z^^-R^ , (1.11) 



In this expression the derivatives are contracted into each other and act on the curvature tensors 
in in a manner that is defined by the functions of the Mandelstam invariants given in ( 1.10| ) . 
The functions £(p,q) are known for {p,q) = (0,0), (1,0), (0, 1), and there are various conjectures 
at higher orders In order to test conjectured forms of £{p^q) it is helpful to have as much 
information from string perturbation theory as possible. 

The aim of the present paper is to develop the expansion of the genus-one amplitude more 
systematically in order to explicitly evaluate the coefficients of higher momentum terms. Since 
the type IIA and IIB theories have identical massless four-particle scattering amplitudes up to 
at least genus three, the calculations in this paper apply to both types of theory. In section |^ 
we will begin by reviewing the procedure of |Q . This involves integrating powers of propagators 
on the world-sheet torus with fixed modulus t = ti + iT2, followed by an integral over r. 

The ten-dimensional theory is considered in section |3|, where the analytic terms in the 
expansion of the amplitude up to order are evaluated. In order to analyze these terms we 

have to separate the nonanalytic threshold singularities in a well-defined manner. Such terms 
arise from the degeneration limit of the torus, in which T2 oo, so we will divide the integral 
over into two domains: (i) J^l, where T2 < L; (ii) TZl, where T2 > L, with L ^ 1. Integration 
over the truncated fundamental domain J^l is carried out in section ^ by making use of a theorem 
of harmonic analysis §, and gives rise to the analytic terms together with an L-dependent piece. 

The integral over TZl, considered in section ^ generates the nonanalytic threshold behaviour 
as well as canceling the L-dependence of the J-l integral. The lowest-order threshold behaviour 
is the same as in the supergravity field theory one-loop amplitude and has the schematic form 
a' slog{—a' s/ Hi) + a' tlog{—a' t/ Hi) + a' ulog{—a' u/ jii) where s, t and u are Mandelstam 
invariants and is a constant scale. The precise form of this threshold term is considerably 
more complicated, as will be seen in detail in section 4.2.1, but it still possesses the property that 
the scale of the logarithms cancels (using s-|-t-|-M = 0), so there is no ambiguity associated with 
the normalization of the logarithms. However, an important new feature at order a'^ R^ is 
the occurrence of the second nonanalytic massless threshold singularity, Inonan (4) j that arises via 



unitarity from the presence of the tree-level R interaction, which will be discussed in section 4.1 



This is again a symmetric function of the Mandelstam variables and has the schematic form 
a'^ log(— a' s//i4) -|- . . . , where 114 is another normalization constant. Changing the value of 
/X4 changes the definition of the coefficient of the analytic terms of the form + . . . , so the 
precise value of ^4 has to be determined. We will also determine the terms at order R^ and 
TL^, where the next threshold singularity arises. We will also discuss partial results for terms 
at order s^R^, and s^R^. These ten-dimensional results are summarized in section El3. 



In section ^ we will study the compactification of the loop amplitude on a circle of dimen- 
sionless radius r to nine dimensions. The threshold singularities are now half-integral powers of 
s, t and n, and can be uniquely disentangled from the contributions analytic in s, t and n, that 
give rise to the local effective action. The expression for the compactified amplitude depends 
on r as well as on the nine-dimensional Mandelstam invariants. Since T-duality equates the 
IIA theory at radius r to the IIB theory at radius 1/r and the four-particle genus-one ampli- 
tude of the IIA and IIB theories are equal, the compactified genus-one amplitude is invariant 
under r 1/r. The coefficient of a generic term of order s^R'^ in the analytic part of the 
compactified genus-one amplitude contains powers ranging from r'^^^^ to r^^"^^ plus exponen- 
tial terms 0(exp(— r)). The term linear in r survives the ten-dimensional limit r 00. The 
infinite series of terms proportional to r'^^~^ for > 1, diverge in the ten-dimensional r — > cxd 
limit. However, these can be resummed and thereby convert the nine-dimensional normal thresh- 
olds, which contain half-integer powers of the Mandelstam invariants, into the ten-dimensional 



thresholds containing factors of log(— a's), log(— a't) and log(— a'n) [0, |^. In addition there 
are terms of the form log(r^), which are analytic in s but not in r. The many coefficients of 
the low-energy expansion of the nine-dimensional and ten-dimensional genus-one amplitude that 
we determine have the form of rational numbers multiplying products of Riemann zeta values. 
These nine-dimensional results are summarized in section 15. 21. 



2. The general structure of the genus-one four-particle amplitude 

Here we review the general structure of the genus-one amplitude in ten-dimensional Minkowski 
space and its a' expansion. The dynamical factor F in (^]^) is given by an integral over the 
positions u'^^' = vj^ + iz^2 of the four vertex operators on the torus, 

F{s,t,U;T) = n / (X12X34)° * (X14X23)" * (X13X24)° " 



/ n e^= / TT exp(a'sA, + a'tAt + a'nA„), (2.1) 



where d^i/^*) = dv^'' dv2 \ v^^^ = t, and 

V = a'sAs + a'tAt + auAu, (2.2) 

with 

As = log(Xl2X34), At = log(xi4X23), = log(Xl3X24) (2.3) 

and logXij = log'P(i^^*^ — u^^^t) where 



Viu\T) = -i 



9[{0\t) 



(2.4) 

2r2 



is the scalar Green function on the torus. These Green functions are integrated over the domain 
T defined by 

r = {-^<iyi<^, 0<iy2< T2} (2.5) 

Since Inonan has logarithmic branch points associated with thresholds for intermediate on- 
shell massless states, it has singularities in s, t and u that must be extracted from the complete 
expression before the analytic terms can be determined. These thresholds arise from the region 
of moduli space in which T2 ^ oo, which is the degeneration limit of the torus. Our procedure 
for separating the threshold term will be to treat the region with T2 > L separately from the 
region T2 < L, where L ^ 1. In other words, we write the integral over the fundamental domain 
as the sum of two terms, 

I(s,t,u) = Ijr^{L;s,t,u) + InLms,t,u) , (2.6) 

where 

f d'^T f d^T 

Ijr^{L;s,t,u) = — F{s,t,u;T) , Iul^L; s,t,u) = — F{s,t,u;T) . (2.7) 

■J^L '^2 JUl '^2 

The first term on the right-hand side is integrated over J^l, which is the fundamental domain 
cut off at T2 < L, and the second over R^, which is the semi-infinite rectangular domain T2 > L, 
— i < Ti < i. Clearly, the dependence on L cancels from the full amplitude. The first term 



contains the analytic part of the ampUtude, together with an L-dependent piece, which is also 
analytic in the Mandelstam invariants, 

Ijr^{L;s,t,u) = Ianis,t,u) + R{L;s,t,u) . (2.8) 

The -L-dependence is contained in the function R{L; s, t, u), which has an expansion of the form 

R{L; s, t, u) = Y,{d\V"^ + d^U-'' + ■■■ + ^og{L/^^r)) + ■ ■ ■ , (2.9) 



where . . . denotes terms involving t and u. The second term on the right-hand side of ( p. 61 ) 
contains the nonanalytic piece of /, together with an L-dependent piece that cancels the L- 
dependence of the first term, 

I-Jl^ (L; S, t, u) = Inonan{s, t, u) - R{L; s, t, u) . (2.10) 

The integrand of Ir^ can be evaluated by substituting the large- r2 approximation and will give 
rise to the nonanalytic pieces, whereas the integral over contains purely analytic pieces. 

The low energy expansion of the analytic part, /jf^, in (2/7) is obtained by expanding the 
integrand F{t, f) in (^]^) in powers of the scalar Feynman propagator and then integrating over 
the toroidal world-sheet. However, in order to treat the thresholds consistently we will separate 
them by dividing the integral into the two pieces given in ( |2.6| ). The resulting expansion of the 
analytic piece is contained in 

/jr^ (L; S, t, u) = Ian{s, t, u) + R{L] S, t, u) 

71=0-^ ^ ^ i = l ^ 

The quantity T) is the linear combination, 

V = a's(P(i.(12)|^)+p(j,{34)|^)_p(^(13)|^)_p(^(24)|^)) 

+a't(P(z^(^^) |r) + P(z.(23) _ p(^(i3) _ p(^(24) 1^)) ^ (2.12) 



where V (v^^^\) is defined in ( |2.4D and can be written as 

1 V- ^2 



^Hr) = - E 



47r ^ Imr-l-nP 

(m,n)^(0,0) ' ' 



exp 



2txi , , , , 
[mv\T2 - [mTi +n)v2) 

T2 



+ C(r,f), (2.13) 



where C(r, r) cancels out of the SL{2, Z)-invariant combination in (2.12). It can also be written 
as 

V{u\t)=V°°{u\t)+P{u\t) (2.14) 
where "P"^ = lim.T-2^oo'Pi'^\T) is proportional to T2 and is given by 



™-£E^-^(^|-N + ,), (2.15) 



where 1)2 = 1^2 /t2 and the second expression is defined in the range — 5 < 1^2 ^ 5 and is 
periodically repeated outside this range. The quantity P(i/|t) in ( |2.14| ) is given by 

P(u\t) = - _}_^2iTTm{kTi+iyi) ^-2-KT2\m\\k-V2\ /2 IQ\ 

A ^ \m\ 

fcez 



The decomposition ( 2.14|) will be useful for expansions at large T2. 



One way of evaluating the coefficients J^^'^\ J^^'^\ J^^'^\ ■ ■ ■ is to consider the derivatives 
of Ian in the small s, t and u limit, as was done in Thus, the coefficients in the power series 
expansion 



Ian{s,t,u)=Y^^lt-U^) ^, (2.17) 

m=On=0 ^ ^ 



are given by 



4n'"^ = / ^/in'"Hr,r), (2.18) 



where 



m\n\ 

1 rfi,,(i) 



s=t=u=0 



I fl^(4A,-4A„)™(4Ai-4A„)- (2.19) 



with As, At and A^ are defined in (|2.3D . 



Defining the quantity j^^''^\T,T) to be the integrand of so that 



/■ (2.20) 



and comparing ( p.l7 ) with ( |1.6| ) leads to the implicit relation between the integrands firi'^\T, r) 
and j(P''?)(^,^)> 

00 00 ^ ^ \ m+n mj.n 

Y^alaUv.)= V^) ^/in-^ (2.21) 



^,5=0 m,?i=0 



We note further that (1.6) implies 



7(0,0) ^ r(0,0) t(1,0) ^ 1 r(2,0) t(0,1) ^ _\ r(l,2) t(2,0) ^ J_ r(4,0) 

^an ^ "-^ ^-'ani "-^ g-'an' gg -'an ' 

/(i.i) - L 7(3,0) _ 1 7(5,1) 7(0,2) _ 1 7(6,0) C2 22^ 

144 2880 5760 ^ ^ 

3. The analytic terms in the ten-dimensional genus-one amplitude 

In this section we will formulate the diagrammatic expansion for determining the coefficients, 
jiP'i) ^ of the higher derivative terms starting from ( 2.17| ). This will then be used to determine the 



coefficients of terms up to a'^s^R^. These coefficients are obtained by integrating the j(P''')'s, 
which are linear combinations of the /i™'"^'s that have m + n = 2p + 3q, and are defined in 



( p. 19 ). In other words, the coefficients are given as integrals of products of powers of propagators 



between different vertex operators attached to the torus. 

A term at order is represented by a sum of 'Feynman' diagrams with a total of r 
propagators joining pairs of vertices. Any propagator can join any of six distinct pairs of vertices 
separated by i/*^*-'^ = u^^^ — u^^^ = 1,2,3,4). A diagram is therefore labeled by a set of six 
numbers, 

6 



m = {^i,^2,...,4}, Y.^k = r, (3.1) 



k=l 



which define the number of propagators that join each pair of vertices. The labehng of the 
diagram is indicated in the figures in appendix |^. Each diagram is associated with a scalar 
function D^i^{t, f) that is determined by integrating the positions, using the representation 
( p.l3| ) of the propagator, which is periodic in both and 1^2^ leading to conservation of the 
torus momentum, p = m + nrG Z + rZ, at each vertex. The result is a function that depends 
on the topology of the diagram - i.e. on the i^s - and is given at order a'^ by 

pi,...,PreZ+TZ 

where the topology of the diagram is subsumed in the values of the sets with i = 1,2,3,4. 
The momentum conservation (5-function is understood to mean 

5{pi + P2) = 6{mi + 1712) S{ni + n2) . (3.3) 

This condition eliminates all one-particle reducible diagrams. In appendix ^ we will derive some 
detailed properties of the D|£}'s that contribute to the expansion up to order s^R^. The net 
result is that j^P''^\T,f ) is a linear combination, 

j(^''')(T,f) = J^eJ^f D{,}(T,f), (3.4) 

where ej^j^^ is a set of constant coefficients and the sum is over all diagrams with Y%=i = f- 
In order to evaluate the integral of j^''^\T,f) in ( |2.2[lD we would like to make use of a 
theorem reviewed in Q and restated in appendix A.2| . This theorem states that any function 



that is square integrable on is the sum of three terms: (i) a function whose zero mode with 
respect to ri vanishes; (ii) a constant; (iii) a linear combination of incomplete theta series'. 
However, j^^''^\T,f) is not square integrable as it stands, since it is easy to see that it has a 
large- r2 expansion of the form 

J^'''^ = r?^'' + ^2"^''"' + • • • + ^2-'"-'' + 0(exp(-r2)) , (3.5) 

where o^f^^^'^ = J^^''^^ ■ We can, however, proceed by subtracting the positive powers of T2 in 
a manner consistent with modular invariance. This can be achieved by subtracting a suitably 
chosen quadratic form in nonholomorphic Eisenstein series^, 

P^P''^\{Er})=Y.d^!fE,E,, (3.6) 

s,s' 

where d^^^f^ are constant coefficients and 

F ^ ^1 2C(2.)r(g) 2C(2g - 1)T{S - 1) ^.-2.r,. .^7^ 

= I \ 12J = 172 ^2 + —n-2 ^2 +<-^ e 3.7 

^ ' (m,n)^(0,0) ' ' 

(some properties of nonholomorphic Eisenstein series are reviewed in appendix |A.lj ). In other 
words we choose the polynomial, P^P''^\ so that it reproduces the terms with positive powers of 
T2 in (^^), so that 



J 



(P,<?) = p{p.9)({4}) + jip^Q) + ^jb.a) ^ (3.8) 



^This quadratic form may not be unique but any ambiguity is irrelevant in the following. 



where J^P''^) is a constant and 5j^P'''^ — > as r2 ^ oo. Since dj^^''^^ is square integrable in the 
fundamental domain J^, the theorem apphes to it, and since we also have 



,1 ^2p+3g+l 



r dn = ^^^^ + • • • + aj+^''-^ rl-'^-'^ + 0(exp(-r2)) / , (3.9) 



the theorem implies that 

=0. (3.10) 
Therefore, after cutting off the fundamental domain at large T2 = L we have 



4f=f ^jM = ^jiP,,)+ f flpM^^E2})+0{l/L) (3.11) 



(where we have used the fact that /jpd^T/rl = vr/3). 

The function P^P'I^ and constants J^''^^ that arise up to order order are given in ( p.2D - 

O in appendix 0. The integral of p(P''?)({K,}) over the fundamental domain can be reduced 
to a boundary integral by using AEg = s{s — 1) Eg and integrating by parts, as is reviewed in 



appendix A.l. This leads to the following results. 



At order R^. In this case j^'^''^^ = Dq = 1, so jC^''^) = vr/S, as it is given by the volume of 
a fundamental domain for SL(2,7j). 

At order a'^ it is easy to see that = D2 = (as was found in [^). Substituting 
AE2 = 2-^2 for P(^'O) in the right-hand side of ( pl| ) gives a purely boundary contribution 
proportional to L 

/^f=L. (3.12) 
This L dependence is canceled by the contribution from the region T2 > L, so the result is 

j(^'°)=0. (3.13) 



At order s^R^, using ( C.2 ) results in 



#^) = ^^ + ^l2 + 0(1/L), (3.14) 

3 3 567 ^ ' ^ ' ^ ^ 

which reproduces the result in [Q]. The dependence is canceled by the contribution of 

the amplitude from the region T2 > L, which was given in (3.24) of and has the form 

^limQ4onan(3);-R,£('S>0 = - ^3 + 0{1 / L) . (3.15) 

At this order there are no threshold contributions so Inonan{3) = 0) the coefficient 
multiplying R^ in the ten-dimensional effective action is 



^,,,=^C(3) 
At order a'^ R^ , using ( p.3D and ( A.l[l| ) we find 



J''''' = l'-f- (3.16) 



''A"' = + I ^(3) log(VA4) + 0(1/L) , (3.17) 



where the scale fl^ is given by 

log;i, = -- + l„g(2)-|i^ + |i^. (3.18) 

The occurrence of the logL term originates from the presence of in the expression 
for in ( p.3|) , together with the use of the integral ( |A.8|) . In section 4.2.2 the 

and log(-L) contributions will be shown to cancel with the contribution from T2 > L. In 
particular, we will see that 



^limg4onan(4);7^i(■5,^) = Inonan {4){s ,t) - (^^^^ ^"^^ log(L//i4)j , (3.19) 



where 

Inonan (4.) {s,t) = ^'^ s'^ log{-a s / IJ4) + peruis . (3.20) 

We will derive the coefficient of this term (which was also derived from the unitarity 
argument in the last subsection), as well as the value of /X4, in section 4.2.2. Since there is 
no constant L-independent term in ( p. IT]) (apart from the log fl^ associated with the log L) 
we find 

j(2'0)=0. (3.21) 

At order a'^ R^, using ( p. 41) , we find 

,(1,1) vr 97 , L^ttS ^ L7rH(3) , 

•^^^ = 3 1080 ^(') + 400950 +^7^ + ^^'/^)- ^'-''^ 

The power-behaved and L contributions will again be seen to cancel the contribution 
from the T2 > L region, 

}^^Inonani,y,nA^,t) = - - ^^^^ + 0(1/L)) a^a, , (3.23) 

but there is no 0'20'3 log L term. This is in accord with the earlier unitarity argument, 
which shows that there is no threshold at the order so Inonan (5) i^j ^) = 0- The genus-one 
contribution to the ten-dimensional action at this order is given by the constant term in 
(PI), 

j(i,i) = ^_^<^(5). (3.24) 
3 1080 ^ ^ ^ ^ 



• At order a'^s^R^ there are two independent tensorial structures. For R^, using ( C.5 ) 
and (A. 11), we find 



,(3,0) _ ^ C(3)^ 
3 30 

+ + ^!^!M l2 + ii^ log(L//i6) C(5) + 0{1/L) . 
4729725 4725 630 /f^bj^yj^ w j 

For a1 n^, using (|Cj) and ( [AUD , we find 

(0,2) ^ vr 61C(3)2 

■^^ 3 1080 

17447r6 . 87r3c(3) . vr^ ^r,~^.^r^ 

H L H H log(L/u6) C(5) + 0(1 L) . 

3192564375 14175 45 z^*'^^^^^ ^/ ^ 



(3.25) 



(3.26) 
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Figure 1: Unitarity equation relating the two-particle s-channel discontinuity of the amplitude to the 
square of the four-particle amplitude, integrated over the phase space of the intermediate particles and 
summed over the species of these particles. 

The scale /ie in both of these equations is given by 

logA« = -3^ + M2)-f| + f|. (3.27) 

In this case the logL terms originate from E\ terms in and j^'^'^^ together with the 
integral in ( |A.^ ). The L-dependent terms in these equations will again be seen to cancel 
with contributions from the T2> L part of the integral, resulting in a net nonanalytic term 
of the form h^^\s,t,u) log(— q' s/zig) + perms, where h^^^ is a monomial in s, t and u of 
order six (defined by ( 4.131) . We see from ( |3.25| ) that the coefficient of the analytic (T^ JH^ 



term is 

^(3,0) ^iCi^ (3 28) 

3 30 ' ^ ^ 



while from (3.26) we see that the coefficient of R is 



= (3.29) 

3 1080 ^ ^ 

4. Ten-dimensional threshold terms 

We now turn to discuss the nonanalytic terms in the low-energy expansion of the ten-dimensional 
amplitude. These are characterized by branch cuts with imaginary parts that are determined by 
unitarity in a standard manner that we will review in the following subsection. The scales of the 
logarithms are more difficult to evaluate and will require a direct calculation of the genus-one 



integral in the region T2 > L section 4.2 
4.1 Two-particle unitarity 

Unitarity identifies the discontinuity of the amplitude across the s-channel two-particle cut 
(when s > 0, t < 0) with the product two amplitudes integrated over the phase space for the 
intermediate massless two-particle states and summed over the superhelicities of these states (as 
illustrated in figure |l|) . 

Our normalisations for the string S-matrix are such that the tree-level and genus-one terms 
in the amplitude enter in the combination^ 

A = 4o) at (^A*'-- + 27rA^--^i + 0(5^)) , (4.1) 



^In the S-matrix there is a power is Qs for each external state. Here we are considering the four point amplitude, 
leading to an overall factor of . 



where k^^^^ = 2^^"^ a'^ and A*'''^^ has the form shown in Q and Af'^"""-^ = A^^"""-^ + 
^TumarT^- lowest Order in the string couphng constant the unitarity relation has the form 

KZCrCiPi'P^^ ^ - 9) KZ<rCs(P3^P^^ k,q-k), 

where d} denotes the sum over all the two-particle massless N = 8 supergravity states, 
and 6^^\p'^) = 5^^'^\p'^)9{p'^) imposes the mass-shell condition on each intermediate massless 
state, 

A;2 = 0, {q-kf=0. (4.3) 

Expanding both sides of ( [4.2[ ) in powers of a' determines the discontinuity of the genus-one 
amplitude in terms of the square of the terms in the tree-level expansion. 

The discontinuity of the genus-one amplitude is obtained by substituting the tree-level 
scattering amplitude into ([4.2|). Recall that this amplitude has the form |Q] 

Aci':C2,C3,C4(^'i'P2,P3,P4) = C(s,t,n)R^^^^2_(^3^^^(pi,P2,P3,P4) , (4.4) 
where s, t, u are Mandelstam invariants, satisfying the mass-shell condition s + t + u = 0, and 



C(s,t,u) = -—^ — ^ — --^ jj- — \ , (4.5) 

r (1 + ^^) r (1 + ) r (1 + ' 

The unitarity relation takes a very special form in maximal supergravity (as it does in maximal 
Yang-Mills), because of the self-replicating relation derived in |^], 

R-ClC2CrG(^'l'^'2,^-9, -^)RC3C4CrC.(^'^~^'f'3'P4) = ^-(1 ,C2 ,C3 ,C4 (^1 ' ^2 , , P4 ) (4.6) 

{<r,(s} 



{q = pi + P2), which simplifies the left-hand side of ( |4.2| ) drastically. 

The low-momentum expansion of ( ^.21 ) follows by substituting the expansion of A*'''^^ in the 
right-hand side (see, for example, ||8|), 

Ai-e_3 / v 2C(2n + l) \ 4 
A - exp 2n+l J ^ 

^ + 2C(3) + C(5)<T2 + ^C(3)'<T3 + k(7)<T2 + ^C(3)C(5)<T2<T3 

(T3 6 2 6 

+ \c{9)al + ^ (2C(3)3 + C(9)) + • • • ) (4.7) 

We see that the left-hand side of (4^) is identified with the lowest order term in the integrand 
on the right-hand side of ( |4.2| ) since A*'"'^'^ ~ H^/stu. This means that, to lowest order in a', 
DisCs A^^"^^^"^ is given by 

24o)7r^4 f d^^'k 6M(k^)S(+\iq-k)^) 



Discs A^'—Hpi,P2,P3,P4) = -is' ^ / 

a 2 J 



(27r)10 (pi - fc)2 (p4 + ky ip2 - ky {p3 + kf ' 

(4.8) 

where we have used the expressions for the Mandelstam invariants of the tree amplitudes on 
either side of the intermediate states, 

t' = -{pi-kf, u' = -{p2-kf, t" = -{pi + k)\ u" = -{p3 + kf. (4.9) 



This reproduces the s-channel discontinuity of the massless box diagram, which is of order s. In 
section |4.2.1 we will find the complete expression for the genus-one contribution, which is the 



supergravity contribution, AsuGRA- 

The next term in the a' expansion is obtained by substituting 2^(3) a'^R^ in one of the 
factors of A*'"'^'^ on the right-hand side of the unitarity relation and the lowest-order term in 
the other. This amounts to multiplying the right-hand side of ( [4.6| ) by 2(^(3) a'^ st'u' and so 
the expression for the discontinuity at this order is obtained by multiplying the integrand of 
(^) by the same factor. The integral is proportional to ("(3) a' s 5(0, 0, 1, 1) that is evaluated 
in appendix |e|, giving 

Bisc,Ar,r~\pi,P2,P3,P4) = -2^7r^^^ ( (4-10) 



■-(4) \Fi,F-Z,F.i,F-iJ - 

with similar expressions for the t-channel and n-channel discontinuities. This implies that A(4) 
has the form 

A-r-^(p„P„P3,P4) = -^ (.Mog(-^) + tMog(-^)+.Mog(-^))R^ 

(4.11) 

where the scale, /i4, inside the logarithm is yet not determined — this must await the more 



detailed analysis of the amplitude in section 4.2.2 



There are no contributions to the discontinuity at order [pi s)^ since there are no terms 
in A**"*^*^ of order a'sR^. The next contribution is a discontinuity of order a'^s^R^, obtained 
by expanding one of the A*'''^'^ factors on the right-hand side of (|4.2| ) to the next non-trivial 
order, which means substituting the ^(5) d'.^^ term of ( [4.7| ) into (|4.2| ). The resulting integral is 
proportional to C(5) (2a' s 5(0, 0, 3, 1) + [ol s)^ 5(0, 0, 1, 1)) that is also evaluated in appendix]^, 
giving 



Disc,A5p-^(pi,P2,P3,i54) = -2i7r^^ (^-J (87s'' + s^(^-n)^)R^ (4.12) 
which is attributed to a function of the form 

ASp-^(R,P2,P3,P4) = -^ ((87.« + /(t-n)2) log(-^) 

+ (87^6 ^t\s- uf) log(-— ) + (87^6 -ru\s- tf) log(-— )) R^ , 

(4.13) 

where t-channel and n-channel contributions have again be added. The scale [x^ can again, in 
principle, be determined by explicit evaluation of the loop amplitude as in section 4.2.2| (although 
in this case we will not complete the evaluation). 

At order a''^ log(— a's), and beyond, contributions of a new type arise. These come 
from the presence of higher-order terms in both factors of A^'^^^ in the unitarity equation. 
They correspond to terms in which there are stringy corrections to both propagators in the 
t' and t" channels. For example, the total {a' s)^ contribution is proportional to the sum, 
C(3)2 (a' sf (25(0, 0, 2, 2) + 5(1, 1, 1, 1)) in the notation of appendix 0. 

For future reference it is interesting to note that the overall coefficient of log /i4 in ( |E.8| ) is 

<(3) ^2 



45 



H , (4.14) 
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Figure 2: Degeneration limits of the genus-one string amplitude, (a) The limit in which all internal 
legs are massless propagators. This is the limit that gives the one-loop ten-dimensional supergravity 
contribution, (b) The triangle limit, in which there are three internal massless propagators, (c) The 
bubble limit in which two massless propagators are picked out. The blobs in (a) and (b) represent higher 
derivative contact interactions induced by stringy corrections. 



while the overall coefficient of log fiQ in ([E.9[) is 



vrC(5) 
630 



llal + Ua1) log/ig. 



(4.15) 



These are the same as the coefficients of the r log(r^), log(r^) and Iog(r'^) terms that 
arise in the compactification on a circle of radius r to be considered in section and summarized 



in (5.27). The necessity for such a cancelation is discussed following (|5.28|). 



4.2 Low-momentum expansion of threshold terms 

The constant scales inside the logarithms are not determined by unitarity, but by a direct 
calculation of the amplitude in the large- r2 region, which we turn to next. 

The singularities due to massless two-particle thresholds arise at genus one from the degener- 
ation of the torus in the limit r2 — > cxd. As indicated in figure |2|(a), the zeroth order contribution is 
simply the type II supergravity box diagram with massless states in all four internal lines, where 
the threshold behaviour of the S-matrix has the form aia' s log(— a' R^. The constant 
III cancels out using s + t + u = 0. Figure §(b) shows the discontinuity receives higher deriva- 
tive corrections on one side of the cut, due to R^, s'^R^, and higher-order contact interactions 
indicated by the blob. These correspond to threshold terms of the form a'^ log(— a' S///4), 
a'^ log(— a' s/fie), a'^ s"^ log(— a' s/zxy), .... There are also corrections with higher-order con- 
tributions on both sides of the cut, as seen in figure |2|(c). These lead to higher-order threshold 
terms. 

An important and well-known technical problem in the analysis of these threshold contribu- 
tions is that the integral representation ( |1.2D is not well defined for any values of the Mandelstam 
invariants since the branch points in the s, t and u channels coincide. This is remedied by split- 
ting the integration range of the vertex operator insertion points into three regions Tgt, Tus and 

that generate cuts in the the and (t, u) channels, respectively. The integrand in 

the Tst region is real for s, t < (so that u > 0) and may be defined in the physical s-channel 
region (s > 0, t < 0) by analytic continuation. Similarly, in the T^s region the integrand is 
defined for s, w < 0, while in the %u region it is defined for i, < 0. Further discussion of the 



integral representation of the genus-one expression may be found in |1C]. 



4.2.1 The massless supergravity amplitude 

In the Hmit T2 ^ oo the leading contribution in the Tgt region is given by the integral 

3 



Jl JrstfJi 



7rT2 Q(s,t) 



(4.16) 



where Tgt = {0 < c<Ji < 0^2 < 1-1J3 < 1}, with u>i = v)^ The expression for Q{s,t) 



Q{s,t) = sujiius - u;2) + t{uj2 - t^i)(l - W3) , (4.17) 

arises by taking the asymptotic limit of the propagators, limT-j^oo^s = — V°°{i'^^'^^) + 
'P°o(;y(34)^^ in the expression (|2.l| ) for the one-loop amplitude (with s and t negative). We 
need to add the contribution to the amplitude in the regions T^s = {0<W2< 1-^1 < 1^3 <1} 
with Q{s,u) = s{lj3 — LJi)i02 + u{lji — U2){1 — wa) and Ttu = {0 < cji < < 012 < 1} with 
Q{t,u) = u{u2 — + t{uj3 — uJi){l — u)2)- This is equivalent to evaluating the sum of the 

supergravity box diagrams figure |2|( a) in the {s,t), {s,u) and {t,u) channels. 

It is very complicated to evaluate the detailed form of this term using the cutoff at T2 > 
L, so we will review the method used in [0] for evaluating the integral using dimensional 
regularization. This will generally give a different definition of the scale, //i, in terms of the 
form s log(— a' s/ fii). However, in this case the scale cancels out (using s + 1 + u = 0) and so 
the result is identical. In D — 2e dimensions, the one-loop amplitude becomes"^ 

Jo " ^ + a 

where 

. , D 4 r(4-^ + e)r(f -2-e)2 ^ ^ 

cDe)=7T~~^~^— ^ — f4 191 

^ ' ' (D - 6 - 2e)r(I? - 4 - 2e) ' ^ ' 

In order to perform the e expansion we separate the integral into the two contributions 

j(^=D-2e)^^^^^ = Ks{s,t) - Kt{s,t) , (4.20) 



where 



a't — a'[s + rj4 







with = t/{s + t). In this manner it is clear that the integral over ^ does not develop a 
singularity in the limit e — > as long as D > 4. In such dimensions e singularities can only arise 
from the factor c{D,e). These correspond to ultraviolet divergences that first arise as a e pole 
in ten dimensions, c(10, e) — 7r/(5!e) as e — > 0. For D < 4 the integral may diverge at the 
^ = endpoint, leading to infrared divergences that are seen as singularities in the e — > limit. 
We now consider the ten and nine dimensional cases separately. 

• In ten dimensions we have 



5!e 



l + §. + 0(.= )) (i^ 0(a) (4.22) 



a UTT 



1 



46. 



vr 



+ 1^0^'^^ i^E + log7T-^) + -/g;io)(5,t) + 0{e 



240 e 240 



15' 



5! 



*We have made use of the change of variables wi = r;^i, U12 = (1 — ?7)(1 — ^2) + »7^i and W3 — 1 — r] + 77^1. 



where is Euler's constant. The fuh result is given by adding the {t,u) and (s,ti) 

contributions and using the on-sheh condition. The pole in e cancels in the sum, leaving the 
ultraviolet finite result for the full amplitude in the e ^ limit, 



&Ais, t, u) = /£=^°^ t) + I^:''^ (t, u) + I^:''^ (n, .) , (4.23) 
where the function is given by 

/g=^°)(s,t) = /' , , f , . [{-a't{l-Oflog{-a't{l-0)-i-a'sO'log{-a'sO] ■ 
J Q cx z -\- (y Uc^ 

(4.24) 

This expression is real in the region s < 0, t < and has the appropriate imaginary part in 
other regions of the Mandelstam invariants. For example, in the physical region, s > and 
t,u <0, the integrand in ( [4.24 ) is nonsingular in the whole range of ^, so the only singularities 



are branch points due to the explicit log(— a's) factor. The pole of the denominator at ^ = —t/u 
is canceled by a zero in the numerator and the integrand is finite in the range of integration, 
as is evident from the form of Ks{s,t) in ( 4.21J ). Other singularities with double discontinuities 
can be found by analytic continuation. 



Evaluating the integrals in (4.24D explicitly leads to 



Ad=io), oi'u ,st ,s2(s + 3t) log(-a's) + i2(t + 3s) log(-a't) 



4 2u 2v? 

^(a(--)+a(-- 



where 



7r2 

£2(x) = Li2(x) + log(x) log(l - x) = — - Li2(l - X) (4.26) 

D 

is a real function for all x > Although /^~^'^^(s,t) is a complicated expression it is easy 
to see that it has the important scaling property 

I^^=''\Ls,Lt) = L/«(s,t) - ^Llog(L) , (4.27) 

which ensures that the scale of the logarithm does not contribute after summation over the (s, t), 
{t,u) and {s,u) terms. 

• For completeness, we also include the case of nine dimensions, where there are no diver- 
gences when e — > and we can set e = directly in the expression for the amplitude, giving 

M), _ 2 i-a'sf/' + i-a'tf/' ^ {-a'sflH + [-a'tfl^s 
' "3 a'u a'v? 

3(_a/g)3/2(_^/^)3/2 / (^/Z^ + V^)(73^ - ^) \ 

—a't — \J OL'u)i^\J —a' s + V q!u) I 

Once again the full expression for liu^an {s,t,u) is obtained by adding the contributions of 
4"=^°) and I?=^°) to 4=^°). 

2tu J-us J-st 



4.2.2 String corrections and higher-order massless thresholds 

At higher order in the derivative expansion there are further massless threshold effects due to 
the higher-order contact terms in the blob in figures §(b) and |2|(c). These lead to factors of 
the form log(— s//x,.), where the scale of the logarithm does not cancel. Luckily the threshold 
structure of these terms is much simpler than that of the box diagram in figure |2|(a) since they 
only possess singularities in s rather than overlapping singularities. So we can go back to the 
cutoff procedure outlined earlier in order to evaluate the expressions, taking care to verify that 
the dependence on the cutoff L indeed cancels. 

The supergravity contribution considered in the last subsection was obtained by replacing 
the propagators in the exponent of (2.1) by their leading form in the large-r2 limit. In order to 
analyze threshold terms at higher-order in the momentum expansion we need to keep non-leading 
terms at large T2- To do this we write 

A, ~ Ar + 5. , (4.29) 
where the correction, 5s, to the asymptotic value is given by the fc = part of P{i^\t) defined in 

El / T / (12) , -I (12), s „. , (34) , ., (34), s\ 

4|m| V / ' 

with similar expressions for 6t^u- In the T2 > L region the terms with k ^ are suppressed by 
powers of e~^. The asymptotic formula for the amplitude is therefore given by [Q], 

exp [a's{6s - 6^) + a't{5t - 5^)) . (4.31) 

The higher-order threshold contributions containing factors of log(— sL) are obtained by ex- 
panding the integrand in powers of 5, e"'*^ = 1 + a' 5 + a''^5'^ /2 -|- . . . . The factors of e°'^°° in 
the integrand contribute to terms with positive powers of L. 

In particular, the terms of order a''^ s'^\og{—a' s / ^4), which will be denoted I^^^, is ob- 
tained from the 5l contribution of the integrand in (|4.31| ). Neither 5t or 5u contributes to 
this threshold behaviour term (although 5t does contribute to the analogous t-channel term, 
a'^t^ log(— a't//i4)). This gives 

3 

TT r2 Q { s , t ) - 47r I m I T2 ( a; 2 — a; 1 ) 



^%r,nA'^t) - 2 2^ (4^)2 J 2 J [[dcv.e 



2f-r, (4m)2 



as) I dT2 I Y^^,^a'iTT2Q{s,t)-iiT\m\T2{l-u-i) 



m^O ^ " ^ •'^s* i=l 



= E^s'"(i;M). (4.32) 

where we note that the two terms on the right-hand side of the first equality are equal and 

5^^) (L; s, t)= C dr, dCid^2 r/(l - v) e"''^^^^^^'*)-^-!'"!^^^!"^^)^^-'^) . (4.33) 

Jl T2 Jo 

Noting further that Q is given in terms of the variables rj, ^1 and ^2 by 



Q{s, t) = s r?(l - 7?) iii2+t ??(1 - 77) (1 - 6) (1 - 6) , 



(4.34) 



and performing the ^2 integral gives 

g(^)(L-s,t)= ^ dr^di.v^- , , .(4.35) 

Jl T2 Jo aV(s6 - Hi - 6)) + 4vrm 

The term of order s'* in the ampUtude comes from the 0(a'^) correction to the tree amphtude 
represented by the blob in §(b). This is obtained by expanding g^^^ to O(s^). At this order it is 
easy to see that the term proportional to e~^'^™'^2(i-»?) [^i the numerator of (4.35) is proportional 
to and is negligible. The term of the form log(— a' s) arises by expanding e° '^*'^2'?(i-»7)?i 
to quadratic order and replacing the denominator by Airm. As a result we find the 0{s^) terms, 

g^^\L; s,t) = -^ {log{-a'snL/ce) - 2/5) + 0{s^L-') , (4.36) 

where Cg = exp(— 7^;). In obtaining this we have used the fact that 

Substituting (|]3|) into (I^D gives the contribution 



(4) , _ 27rC(3) / a 



(t) ^^log(~«'^ VA4) + 



(^> = ^ ( - ) ^ log(-a's L//i4) + • • • , (4.38) 

where the scale of the logarithm at this order is given by 

log/i4 = ^-log(7r/ce) . (4.39) 
5 

The ellipses indicate that a similar contribution that arises by using the 5| term in the expansion 
of e"'*''* , which gives a threshold singularity in the t channel in which figure |2|(b) is transformed 
by interchanging s and t. There are similarly contributions from T^g and 7j„ regions containing 
analogous terms with s, t and u-channel thresholds. 

Therefore the total contribution from the upper part of the fundamental domain T2 > L to 
the terms of order s'^ is given by the sum 

41 is, t, u) = /g) t) + /(J) (t, u) + /g) (n, .) 

4C(3) (aX 4, . . r , . , . .^ , . ^ ^'-''^ 



457r 



^ J log(-Q'sL7r/ce) - 2/5) + (s ^ t) + (s 



The dependence on both and log(L) cancel in the sum of this contribution and the contri- 
bution from T2 < L given in ( 3.17] ), giving 

I^±an{s.t,u) = [S^ log(-a'.//Z4) 

log(— a't/^4) + log(— a'ii//U4) — 6/5] , 

where 

log,, = logA. - logA. = ^ - log (A) + 11 _ m , (4.42) 



which is the sum of the scale from the lower part of the fundamental domain, given in ( 3.18| ), 
and the scale in the logarithm obtained from the above computation from the large- r2 part of 
the fundamental domain ( 4.3S| ). 



Contributions to terms of order arise both from expanding the function g^^^ (L; s, t) to one 
further order in s and by bringing down one further power of 6 from the exponential in ( |4.31| ). 
In this case the there are no terms proportional to logL, which reflects the fact that there is 
no threshold term at this order, as follows from the unitarity argument in section ^T^. In order 
to evaluate the thresholds at order a'^ s^log{—a's/ fie), it is necessary to expand g^^\L;s,t) to 
two further orders in s, which is fairly complicated. In addition, there are contributions from 
yet higher powers of 6. Although we have not evaluated these terms, in principle, they will 
determine a scale log fiQ (analogous to log fi^ in (Ul)) that combines with log/ie (HI) to give 
the scale log fiQ . 

At higher orders in a' string corrections arise on both sides of the threshold discontinuity as 



we saw in section [4.1| . The qualitative structure of these threshold contributions matches that 
of the discontinuities that we determined earlier from unitarity. Firstly, there are contributions 
from the triangle diagram in figure §(b) beyond the ones considered above. The first of these 
is of order a' log(— a' s). In addition, a new class of contributions arises, in which both the 
propagators on the left and right of the s-channel cut are canceled and the result is the diagram 
in figure |^(c), which has two blobs representing the higher derivative vertices. 

4.3 Summary of the expansion of the ten-dimensional genus-one amplitude 

To put these results in perspective we will here summarize the low-energy expansion of the genus- 
one contribution to the analytic part of the amplitude up to order R^. At tree- level and genus 
one, type IIA and type IIB massless four-particle amplitudes are completely equivalent, so the 
results apply equally to both cases. 

The analytic terms to this order are summarized by 



4 



= I (l + 0<T2 + ^(T3+0<Ti + ^C(5)<T2<73 

+j^m'al + ^a3fal + ...^K\ (4.43) 

(where we have indicated explicitly the vanishing o"2 and (T^ coefficients), while the nonanalytic 
terms are contained in 



\genus-l(±. i. \ _ \genus~l 
^nonan l'72)t'3j — ^SUGRA 



/ a'\^ 4C(3)7r z^, , a's, 4, , a' t. a ^ , a' u. \ „a 

+ T +^ ^ 

' 4 y 45 V /X4 /i4 ^ 



+ 



a'V7rC(5) 



A I 9.90 ((87«^ + .^(t-n)2)log(-— ) 
4 / 25zU V fiQ 



+ (87*6 +t''{s- uf) log(-— ) + {87 + u^{s- tf) log(- — )) R^ + • • • , 

(4.44) 

where ^^su(jji^ is the result obtained in ten-dimensional maximal supergravity that we described 
earlier where we also discussed the scales /X4 and fiQ. Notice that the terms in equations ( 4.43| ) 



and ( [4.44 ) satisfy a 'transcendentality condition' in which ((k) is associated with a weight k, vr 



has weight 1 and log(3;) also has weight 1. The total weight of a term of order (a')'' is g + 1. 



Clearly, the separation of the amplitude into Aan and Anonan depends on the definition of 
the scales inside the logarithmic terms in ([4. 44 ). The sum of the terms that depend on /X4 and 
fi6 is 

-M^ai log/.4R^-^ (ll<^i + 14ai) log/zeR^ (4.45) 

Notice that although changing the scale inside the logarithms alters the analytic part of the 
amplitude, the pattern of Riemann zeta values is different in the coefficients of the terms in 
^arT^^^^ from those in Af^^^^^. In this sense, there is an objective meaning to the separation 
between the analytic and the nonanalytic parts as given in ([4.43| ) and ( 4.44 ). For example, at 
order (a' s)^ one has a finite piece proportional to C(3)^ while the logarithmic term is multiplied 
by C(5) in agreement with the 'transcendentality' property noted earlier. So our choice of scale 
in the argument of the logarithmic terms is not only the natural scale that arises from the 
calculation of section S, but is natural if C(3)^ and C(5) are considered to be distinct coefficients. 



5. The genus-one four-particle amplitude in nine dimensions 

We now turn to consider the compactification of the amplitude on a circle of radius r so that nine- 
space-time dimensions are non-compact. We will specialize to the case in which the momenta 
of the scattering particles, pr, have zero components in the compact direction, so the external 
states are Kaluza-Klein ground states. In nine dimensions the genus-one normal thresholds 
have square root singularities instead of logarithms. This separates the threshold terms in the 
amplitude from the analytic terms in a very clear manner. The massive Kaluza-Klein modes 
also generate massive square root thresholds that are expanded, when a's ^ in an infinite 
series of terms of the form {a'sr'^)^ and therefore enter into higher order terms in the low energy 
expansion. The logarithmic singularities characteristic of ten dimensions are recovered in the 
ten-dimensional limit by a condensation of these Kaluza-Klein thresholds 

5.1 General method 

The expression for the integral / in the compactified genus-one amplitude (1.1) now has the 
form 

I^^=^\s,t,u;r)= [ ^^,T^,^,^{r)F{s,t,u;T), (5.1) 



where the lattice sum factor is given by |11| 



^r(i,i)(r) = ^ ^ ^-^,2((Hi)2 + (^,)2)+2i,rrimn_ ^^^2) 
(m,n)GZ2 

The loop amplitude can now be expressed in terms of an expansion in half-integer powers 
of a's, a't and a'u. We can separate this into two terms, 

/('^=9) is, t, u; r) = I(f 9) {s, t, u; r) + I^^Zli^, t, u; r) . (5.3) 

The analytic part has an expansion with integer powers of the Mandelstam invariants of the 
form 

oo 

/(f9)(.,t,n;r)= ^ j(^'«)(r) a| (5.4) 



and is analytic in s, t and u. We will see that the coefficients can be expanded at large r as 
sums of powers of r, together with rlogr'^ terms and exponentials, 

+K^P,',) r log(r2A2p+3,) + ©(e"'^) , (5.5) 

where the A^'s are constants. In the ten-dimensional theory only the term linear in r survives 
with coefficient «/2p+3g- The nonanalytic part has the form 

&n{s, t, u- r) = + + . . . , (5.6) 

where terms involving t and u have not been included. The coefficients bi are independent of r. 
In the following we will be interested in determining the coefficients J^'"^^ in the expansion of 
Ian~^^ , but will not consider the coefficients bn of the non-analytic terms in any detail (although 
they are relatively easy to extract). 

We will first reexpress the lattice sum by a Poisson resummation that replaces the sum over 
m by a sum over p and two relatively prime integers (m, n), 

1 2 

^ g-7rr2((f )2 + (nr)2)+2mrimn ^ ^ ^ ^_^p2 ^2 ^!1±^ ^ ^^^^^ 

(m,n)GZ2 J56Z 

(m,n) — 1 

Thanks to the modular invariance of the kinematical factor F{s,t,u;T), after separating the 
zero-winding term {p = 0) one can unfold the integral onto the semi- infinite strip j^, which 
gives 

I^''='\s,t,u;r) = r [ ^F{s,t,u-T) 

+ e"'^''^ dn F{s, t, u; t) . (5.8) 

The first term is the zero-winding term, which is the term that survives the r — > oo limit, 

r [ ^ F{s,t,u;T) =r /('^=io) (s, t, u) , (5.9) 

where the low-energy expansion of I^'^^^'^\s,t,u) was considered in sections ^ and ^. 

Proceeding as for the ten-dimensional amplitude in section ^, the integral I^^q^ can be split 
into an analytic and non- analytic parts by dividing the T2 integral into two domains, so that 
/('^=9)=/(;^=9)+/g=9), where 



1 



fIle-^''-2 \dnF{s,t,u-T) (5.10) 



contains the analytic part of the amplitude, and 



.^2 / 2 



W ='T. ^e-'^ ldnF{s,t,u;r), (5.11) 
p^qJl T2 J-\ 

contains the non-analytic threshold terms. As in the ten-dimensional case, the L dependence 
will cancel from the final expressions. 



The analytic contributions in equation ( |5.10|) can be analyzed by expanding f dTiF{s, t, u; r) 
in powers of o"2 and (T3, 



/ ^ dnF{s,t,u;T) = ^ aPalj^P''iK (5.12) 

•^^2 p,q=0 

As in section ^ the coefficients at any order in s, t, u, are determined by properties of the Dj^j 
functions determined in appendices |^ and In those appendices we expanded these functions 
in powers of l/r2. In the simplest cases we displayed all power-behaved terms while in others 
we only displayed the positive powers and constant terms. 

For the terms that are constant or negative powers of T2 - i.e., of the form T2 with k < 
- both the T2 integral and the p sum in ( ^.10| ) are easy to evaluate. For these terms we may 
simply take L ^ 00 and -^(2)"^^ ( ^.llD is zero. The result is a succession of terms of the form 

a^^alY^/^'^K'^, (5.13) 

A;<0 

with A; < 0. The contribution Jq^''^^ is the ten dimensional contribution J^P'"?) discussed in 
section ^. 

The terms in the expansion of J dTiF{s, t, u; r) that are positive powers of T2 of the form 
Ofc T2 with k > 2 have to be treated separately since, in the limit r2 ^ 00, the p sum in ( 5.1C| ) 



and ( [5.11| ) contains the factor e '^^ ^ /"^^ ~ 1, so it needs a Poisson resummation. This involves 
first adding and subtracting a term with p = 0. The subtracted term. 



(d=9) r- dT9. [2 



is precisely the term studied in the last section that has thresholds of the form log{— a' sL/ fik) 
with a coefficient that ensures that it cancels the log(— a' s//ifc) thresholds contained in the 
term ensures that there are no log(— a's) terms in the nine-dimensional 

expression, in accord with unitarity. After the Poisson resummation the integer p is replaced by 
the integer p and we have 

C'^ = E r^^"'^'^^ rdnFis,t,u-r). (5.15) 

^^-77 L -7- 2 J — — 

The p = contribution. 



. 1 



/g^io = 1'^ W dn F{s, t, u; r) , (5.16) 



contains the nine-dimensional threshold terms of the form {—s)^^^^"^, which we will not be 
considering in any detail in the following. For the p 7^ terms we can again take L — > 00, in 
which case I^^^^'^ vanishes and ijf^^'^ gives a series of terms of the form ( |5.13| ) with k > 1. 

The terms that we have calculated of the form ( ^.13| ) will be summarized in ( |5.27| ) in 
subsection Isl 



However, there is a subtlety in considering the T2 integral of terms that are linear in T2, i.e., 
terms of the form J dTiF{s, t, u\ r) ~ aiT2 in ( |5.8| ). To see this note that in this case the p = 
term we need to add and subtract before doing the Poisson resummation in I^^^^^ is 



which diverges. This means that for terms Unear in T2 we cannot perform a Poisson resummation 
in but we stih have to perform a Poisson resummation in 1^2)'^'^ since each term in the p 

sum has a factor e '^^ ^2 ~ 1 at large T2. ExpHcitly, we have 



^(i);ai ="1^2^/ e ^-2=air /i(L/r ) , 



(5.18) 



where we have rescaled T2 in order to write the expression in terms of a function /i(L/r^) which 



win be of later use. After a Poisson resummation, the p terms in iJ-^v are given by 



T{d=9) 
-'(2);p^0;ai " "1 



E 



1/2 



2 -7rp2I2 



air/2(L/r^) , 



(5.19) 



where we have again rescaled T2 in order to write the expression in terms of a function /2(L/r^), 
which will be of later use. 

The dependence on L/r^ in /i in equation ( ^.18 ) will cancel with that of the term /2 in 
equation (|5.19| ). To see this, consider the derivatives of these terms with respect to L. We have 



dh{L/r^) r ^ 



dL 



(5.20) 



On the other hand Poisson resumming the integer p in (5.19) 



dL 



e 

r r 



V4 



L L 



p^O 



"1 



(5.21) 



In order to see what this means we can use the fact that 



d_ / (d=9) (d=9) 

Integrating over L, we find 



g/i(^/r^) ^ 9/2(^A2) 
air — h air ■ 



dL 



dL 



a\ r 

I^~'''l- 



(5.22) 



Ad=9) 
(lWO;aj 



{d=9) 
(2)j37^0;ai 



air j 2^ + log A + log(r2/L) j . 



(5.23) 



where the constant A can be determined by integrating between r^ and L, 

"1 dt 



log A 



-2 + 



E' 



-wp^/t 



p^O 



1 Vi 



E' 



7£; - log(47r) 



(5.24) 



So the L-dependent terms cancel, apart from —air log L and 2aiL^/^. These two terms cancel 
with the -L-dependent parts of the p = threshold terms that subtract the log(— a' s) ten 



dimensional thresholds and the p = threshold terms in (5.16) that add in the {—a's) 
thresholds. 



5.2 Summary of the expansion of the nine-dimensional genus-one amplitude 

By using the method outlined above and developed in detail in the appendices, we find the 
following terms in the momentum expansion of the analytic terms in the integral, /, that defines 
the four-particle amplitude in ( |l.ip up to order (with partial results beyond) 
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, , ...^ 6 ^ 167r^C(3) 3 ^ 47rC(5) 61C(3)^ . 

+ ^H^75675^(^^"^+^4T7^"^+^80-^^ + ^T4r + ^(^2 ^ 



where -f(^=|o) ^'^^ ten-dimensional integral considered in section ^ (the coefficient of in 
(p3D). These expansions in powers of l/r2 are valid for large T2. We have displayed all powers 
of T2 up to order o"!, but at higher orders in s, t, u there are further inverse powers of T2 beyond 
the order displayed, which we have not calculated. There are also exponentially suppressed 
contributions of order e"'^^ at order (73 and above. 
It is easy to integrate over T2 using the formula 



(5.25) 



dT2 



^2 To 



„2n-l/-* 



C*(2 - 2n) 



(5.26) 



where C*{x) = tt^^'/^ C(x) r(x/2). The contributions with n > 1 can be obtained by using the 
analytic continuation C*(2 — 2n) = C,*{2n — 1), which is equivalent to performing the Poisson 
resummation described in section |5.1[ For terms linear in T2 {n = 1) the integral requires greater 
care, as was also emphasized in section |5.1| , where we were led to ( ^.22 ). The result is 
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(5.27) 



Note that the r ^ 1/r symmetry is manifest only in the first two hnes of this expression, in 
which there are no e"*" terms and each power of r is accompanied by a corresponding inverse 
power of r with identical coefficient. At order and beyond, there is no such pairing of terms 
and here terms that are exponentially suppressed at large r play an essential role in guaranteeing 
the r ^ 1/r symmetry. 

The {a' ■s)'^ r log(r^ A^) contributions are the ones we found in ( p.22| ) that arise when there 
is a linear dependence on T2 and are connected with the ten-dimensional threshold contributions 



discussed in section 4.2.2 , The scale Xk in such logarithms is determined by combining log(A) 



from ( 5.24 ) and the scale log(/ifc) of the non-analytic contribution discussed in section |4.2.2| , 

logAfc = log(A//ifc)- (5.28) 

It is striking that the coefficients of the logarithm terms for (t|, al and o"| agree with values 
based on duality with eleven-dimensional supergravity compactified on a two-torus |Q. 

The presence of the terms with coefficients r logr^ is essential in ensuring a smooth ten- 
dimensional limit as r — > 00. To see this, recall that in this limit an infinite series of terms with 
positive powers of s must resum in a manner that cancels the nine-dimensional square root 
thresholds [0, generating the ten-dimensional logarithmic thresholds, of the form r log(— r^a' s) 
The resummation therefore produces r logr^ terms with coefficients that are the same as the 
ten-dimensional massless threshold terms ( [4.44 ) computed in section ^ More precisely, the 



rlogr^ terms produced in the resummation must appear with the same coefficients as log ^4 
and log ^6 in (4.45). From ( [4. 45] ) we see that these rlogr^ contributions are precisely canceled 



by the terms (T2 ?" log(r^), (t| r log(r^) and (T^ r log(r^) in (5.27), as required. 



The terms in equations ( [5.27] ) satisfy an extended transcendentality condition in which a 
power of 7-±{i+2'n) (with m > 0) contributes weight — m and log(r^) has weight 1. As before, 
C{k) has weight k and tt has weight 1. The total weight of any term of order {a'^ is once again 
equal to g -|- 1. 

Although we have displayed results up to order (a's)^R^, we have also obtained partial 
results at all orders. Thus, we have evaluated the coefficients of all terms of the form (such as 
(t|, which corresponds to one of the kinematic structures appearing at order (a' s)^ R^), in terms 
of harmonic sums or multiple zeta values, using general expressions derived in the appendices. 
It is notable that, at least in all cases studied here, these reduce to the product of Riemann 
zeta values. This leads to the interesting possibility that the coefficients of the momentum 
expansion of the genus-one four-particle amplitude are all rational numbers multiplying products 
of Riemann zeta values. Even more interesting is the possibility (motivated by results from 
eleven-dimensional supergravity on and on ||5|) that this property holds for all genera in 
string perturbation theory. 

We have also determined the coefficients Uk of terms of the form Uk {a' s)^C,{2k — l)r'^^~^ , 
which contains the leading power of r for a given value of k. These coefficients follow from the 
methods described in appendix and the results agree with the type IIA expressions derived by 
taking the one-loop amplitude of eleven dimensional supergravity on T2 m, g. The subleading 
contributions of the form Vk [a' s)^ j-Sfe-T ^j^atch those obtained from the two-loop amplitude of 
eleven dimensional supergravity on T^, at least up to (and including) order (a's)^R^ Q. 
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A. Some mathematical background 
A.l Eisenstein Series 

The non-holomorphic Eisenstein Series Eg are defined by 

Es= y 1 — (A.l) 

We will also use the notation Eg = Es/{4:TtY and E* = r(s)-7r~'' Eg. The function E* can be 
expanded at large T2 as follows 

S:(T,f) = 2C{2s)Ti + 2C{2s-l)Tt' (A.2) 

+ 4r| Yl \Nr-'^i-2sm)K^_ii27T\N\T2)e^'-^-^ 

where akin) = Yld\n is the kth. divisor function of n, Ks{z) are the Bessel functions of the 
second kind, and 

This function satisfies the functional equation C*{s) = C*(l ~ s) as is easily shown using the 
Poisson resummation formula [14|. The function E* obeys an analogous relation E* = El_g 
and satisfy the Laplace equation 

ArE:ir,f)=s{s-l)E:ir,f) . (A.4) 

In the main text we need to integrate the product of a pair of Eisenstein series that appears 
in the integrals of the functions P^''^\{Er}) over !Fl. We may use ( A.4| ) to replace one factor 
of Eg in the integral by AEg and then integrate by parts to give the result 

1 r fif TS+s'—l r 1— s— s' j s—s' js'—s 

(A.5) 

where 

^{s) = C{2s-l)/C{2s). (A.6) 
In section |3| we need to use the special cases 

^'^(3) ^/QN 37rC(5) 
^^^^ = 204) ' ^^^^ = -8(W ■ ^ ^ ^ 

For s > s' and in the L ^ 00 limit, the right-hand side of ( [A.5 ) contains two terms 
proportional to L'^+'^'~^ and L^^^' , respectively. When s = s' the integral may be evaluated by 
taking the s — > s' limit of (A.5). 

^ ^ {Elf = ^ - ^0'(«) + 2Hs) log(L/A2.) + o(l) , (A.8) 
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C(4) 
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C'(6) 
C(6) 



where 

^"^^'''^^ " 2 ^ " 2r(. - 1/2) WiT) ■ 

For the cases of interest in the main text we need 

(A.IO) 

log/ie = - log(2) + ^ - ^ (A.ll) 
A. 2 Space of square integrable functions 

Consider a modular function /(r, r) with the following zero mode expansion 

n--) - [\ dnfir, r) = t ^ + f; 1^ e--l^l- . (A.12) 

The sums over k are of finite range, n and m are in general different. The coefficients 
and bk{\N\) are constrained by the modular invariance of the function /(r, r). Prototypes of 
such functions are the modular functions 5j^''^^ arising from the derivative expansion of the 
string loop amplitude, where all the positive powers in T2 in the zero mode expansion have been 
subtracted by polynomials in the Eisenstein series as in appendix |y. 

In this case the integral of /(r, r) over a fundamental domain of S'L(2,Z) converges since 
this function is square integrable in the fundamental domain. We apply the following lemma 
given, for example, on page 256 of Q: 

Lemma The space of square integrable functions on L'^{T) on a fundamental domain T = 
SL{2,Z)\H is given by the orthogonal decomposition 

(^) = (.F) e C e 6)0 (A. 13) 

where 

"1/2 
'-1/2 



Ll{T) = {f £ L^{J')\ / dTi/(r) = 0/or almost all ra > 0} (A.14) 

J -1/2 

and Oq denotes the closed subspace of L'^{J^) generated by the incomplete theta series, 



Ti,{z) = iji'^mijT)) foTTeH and Too = {± |n G Z} (A.15) 

7eroc\r V / 

such that 

^2 ^2 

where tp is smooth with compact support on M"*". 

Since in ( A.12| ) does not have any component on Lq{J^) and does not contain any constant 



term it belongs to the space ^o- For any incomplete theta series in the integral over the 
fundamental domain vanishes. Therefore for any f G 9o we have 







A. 3 Harmonic Sums 



In appendix 1^ we will find different types of harmonic sums that arise upon integrating over the 
vertex positions. In this subsection we start by discussing the simplest cases. 



A. 3.1 S{m,n) and S{ai,--- ,an',P) 
Consider the sum 



S{m, n) 



E 



fcl,...,fem7^0 



\ki---km\{\ki\ + --- + \kJ^Y ' 



m > 2 . 



(A.16) 



As shown in section A. 3. 2 , this sum reduces to a sum over multi-zeta values (MZV's), with the 
result (for m >2) 



S{m,n) = m\ 2 



2{r+l)— m— n 



C(n + 2,ai,...,ar) , 



(A.17) 



ai,...,are{l,2} 
Q-l H \'ar=Tn — 2 



where Cl'^i; ■ ■ ■ i ^r) is a multiple zeta value of weight w = Yli=i ^« depth r defined by 



C{si,...,sr)= V -j^ — rr 
^-^ n, ■ ■ ■ rir 

ni>n2>-->nr>l 



(A.18) 



In general, ({m,n) does not reduce to a polynomial in zeta values. 

In the following we give details of 5(3, n), 5(4, n) and 5(5,1), specializing to the cases 
needed in the main text. 



5(2, n) is given by 

5(3, n) is given by 
5(3, n) 



5(2, n) = 2^-"C(« + 2) 



2"-2 
3 



C(n + 2,1) 



(A.19) 



_ (n + 2)C(n + 3)- J^C(n + 2-A;)C(A: + l) 



(A.20) 



k=l 



which has been reduced to zeta values using the identity |15] 



n-2 



-I ^ 

C(n, 1) = ^C{n + 1) - - 5^ C(n - kK{k + 1 



(A21) 



k=l 



In particular, using various expressions for MZV given in the references H, 0, |l8|, |l|, 
Eo|l we have 



5(3,1) = -C(4) 

5(3,2) = 6C(5) - 3C(2)C(3) 

5(3,3) = ^C(6)-^C(3)' 



(A.22) 
(A.23) 
(A.24) 



where we have used C(2)C(4) = 7C(6)/4 and C(2)^ = 35C(6)/8. 



5(4, n) is given by 



S{A,n) = ^ (C(n + 2,2)+4C(n + 2,l,l)) . 



In particular, we find 



5(4,1) = 30C(5) - 12C(2K(3) 
5(4,2) = -C(6)-18C(3)2 

5(4,3) = -lc(3)C(4)-21C(2)C(5) + 27C(7) 
5 

5(4, 4) = -^C(6, 2) + 3 C(2) C(3)^ - 15 C(3) C(5) + ^ C(8) 



(A.25) 
(A.26) 

(A.27) 

(A.28) 



In the last expression we see the appearance, at weight 8, of the MZV C(6, 2) that does 
not reduce to a polynomial in zeta values. 



Another sum that appears is 



5(ai, . . . , an; /?) = V a„ f ^ . [ ■ 

• • • TUn (mi H h m„)P 

'mi>l 



(A.29) 



Ordering the Oi as a„ > On-i > • • • > ai and introducing the variables /j-i = mi, and fir 
Hr-i + for 2 < r < n, this sum can be written as 



5(ai,...,a„;/5) 



E 



1 



Mn>/in-l>-->A' 



(A.30) 



A repeated use of the identity |21] 



1 



E 



i-1 



+ 



r-1 

i-1 



r+s — i+j ^ ^ ^ ' 

r.s>0 



i,j > 



gives, for aj > and /3 > 0, 



5(a„, . . . ,ai;/3) 



E E 



E 



ri+si=a2 + ''0 ''2 +"2 ="3 + ''l ''n- 1 +"71- 1 ="n+''n-2 

ri,si>0 '■2,S2>0 r„_i,s„_i>0 



n-1 

n 

i=l 



(A.31) 



C(/3 + r„-i,s„_i,...,si) 



In the special case /3 = we find 



5(a„, . . . ,ai;0) = ((««) • 



1=1 



The n = 2 case gives the Witten zeta-function S{a2,ai, f3) = W{a2,ai, f3), with 



(A.32) 



W{ai,a2,(3) = ^ 



1 



E 



^ m^^Ti"! (m -|- n)^ 
r - 1 



r,a>0 



a2 - 1 



+ 



r - 1 
a^ — 1 



(A.33) 



so 

VF(0,a,/3) = PF(a,0,/3) =C(/3,a), M^(a, A 0) = C(«)C(/3) • (A.34) 
If ctj = for p values of i we have 

5(a„, . . . , Op+i, 0, . . . , 0; /?) = C(/?, "n, • • • , "p+i, 0, • • • , 0) (A.35) 

A. 3. 2 Evaluation of S{m,n) by Don Zagier 

In this appendix we give a proof due to Don Zagier of the general formula ( A.17|) for the values 
of the sums 

(Note that S{ra, n) = if m < 2, since then the sum is empty.) Denoting by r and m — r the 
number of i with /cj > and ki < 0, respectively, and by / the sum of the positive ki, we can 
rewrite S{m, n) as 

r=0 ^ ^ «=1 



where 



/li * * * k^ 

fclH hfer=i 

Observing that Sr{l) is the coefficient of in the series expression of Lii(x)'', where Lii(x) 
Sfc>i x'' /k = — log(l — x), we obtain 



2"5(m,n) 



Et^E U r°^^^V [Lii(:rrLii(y)— ] 

oo ^ 

= - coeff,.,. [(Lii(x) + LiiCy))™] (A.39) 
Hence the generating function ^^>o S(ra, n) X"^ /m\ is given by 



2- J] S(m,n)— = J]- coeff,,,, [exp (X(Lii(x) + Lii(y)))] 



m>0 i=l 



oo ^ 

J^-coefr,v [(l-x)-^(l-y)-^] 



- 1 + 



E /n ( 



Eii5n(i + f 

(=1 h=\ \ ae{l,2} 

y y 4-x^(x/2)"^^-^'^^ 

r>0 i>'il> - >'tr>0 1 
aj^,...,are{l,2} 



Comparing the coefficients of X"^ on both sides gives the desired formula 



S{m,n) = -^ 22'-C(n + 2,ai,...,a,) . (A.41) 



2m+n— 2 

cij,...,arS{l,2} 
H \-a'r~m — 2 



B. Properties of D^^ ^ 

The coefficients of the terms in the analytic part of the momentum expansion are determined in 
terms of the functions D^^^,..^£g {Ylk=i = ''') associated with the diagrams shown in figures 
In the main part of the paper these enter in two separate manners. 

1) In section ^ we considered compactification on a circle of radius r and considered the 
coefficients of terms at each order up to that are power-behaved in r for large r. In this case 
the coefficients are determined by knowledge of the terms in D£^^,,,^£g that are power-behaved in 
T2 for large T2. Such terms are obtained by expanding the n, 

Dj°|(r2)= D{,}(r,r) (B.l) 

in powers of Tg"^. This will also be carried out in this appendix for all the -Dj^j's that enter up 
to order (although we will not evaluate the coefficients of the negative powers of r at order 
and beyond). 

2) In section ^ we saw that the values of the coefficients of terms in the low-momentum 
expansion in ten dimensions are determined in terms of a constant that survives the r2 ^ 00 limit 
after subtracting the positive powers of T2 with a polynomial in Eisenstein series, 

In this appendix we will here derive P^P'*?) and the value of the constant for each -Dj^} function 
that enters up to order . In fact, the part of -Dj^} that has positive powers of r2, or is constant 
in the large-r2 limit, is independent of ri so it is also determined by 

For these reasons, our priority here is to compute the ri zero modes of the D{£}'s. For this 
purpose we will need to make extensive use of the representation of the propagator as the sum 
V'^{v) + P{v) given in ( |2.14| ). A few special cases were evaluated in [^. 

B.l The two- vertex case 



1 



Figure 3: The two-vertex diagram with ii lines connecting the two vertices defines D^^ . Each line is 
associated with a propagator on the torus with momentum Pj = + n^r 

(i = l,...,Zi). 



The two- vertex diagram with £1 lines is associated with a modular function of weight ^1, 
which we will denote by 

D^i = 0^1,0,0,0,0,0 , (B.2) 

in which case we have 

(m„n,)7^(0,0) r=l i=l I * * I 



The zero mode is given by^ 



,1 



^ 1 r / /_i 

r+s=ei ^ ^ 2 
( r 

+s=ei 

E 



5 ^ 



dz>«di>f ) (P~) 



m]^ T7is 7^0 



i "^t^i) g-27rr2 J^i 

4'^|mi • • • nisi 



(B.4) 



A direct evaluation of the integrals using the identity 



rl r-Xi rl 

/ dxi / dx2f{xi — X2) = I dx{l 
Jo Jo Jo 



x) fix) , 



(B.5) 



with f{x) = {T'°°{x))''^ exp(— 27rr2 |mi||A:i — and using the periodicity of the asymptotic 
propagator V°°{x), leads to 



,-£1, 3/2; 3/2) + 

(-l)fe^ £i!(2fci + fc2)! 

k=0 ki+k2+kg=k 

X 5(^1 - k, 2ki + A;2 + 1) + 0(exp(-r2)) , 



(B.6) 



Ail X] 



(27rT2) 



fcs-fei-i 



where the sums S{m,n) are defined in ( A.16| ) and evaluated in section A.3.2 . 

Now we will write down the power-behaved terms in the large T2 expansion for some par- 
ticular cases. The first non-trivial case is D2 = -E2. The next cases are D3, D4 (called B2 and 
C4 in Q). We will also need D5 and Dg. Their zero-mode expansions are given by 
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(4^ 
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(47r)5 



2C(4)t2^ + 



2 , <(3) 



T2 



2C(6)t| + ^3^(3) + 



37r C(5) 
4 r| 



1 nr(^^ 4 ^ ^ 10vr=^C(5) 37r\(3)^ 9^ C(7) 

10C(8)r2 + — C(3) T2 + 2 + 

3 r2 r| 
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20C(10)t| + 



10 7r'^C(3) 2 95 7r5C(5) 



27 



(B.7) 
(B.8) 

+ 0(e-"'2)(B.9) 
(B.IO) 



900C(4)C(3)^ 105 7r3C(7) _ 135 C(2) C(3) C(5) ^ 225^C(9) 



T2 



4r| 



16 r| 



+ 0(e- 



^In this section we use the condensed notation V.j = P{u^'^^), V°° = V°°{u^'^^) and Pij = P{u^'^^). 
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46375C(12)r| , 57r«T|C(3) , ,,,,^,,,^,,,2 , UOtt' C{5) 
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^6 r. ^9 ^3 

+ 27 



+ 2365C(6)C(3)' + 



T2 



(B.ll) 



+ 



3 TT^ (34020 C(4) C(3) + 42120 C(2) C(5) - 117115 C(7)) 12150 C(4) C(3) C(5) 

32 rs r| 

45 TT^ (2C(3)3-14C(3)C(6)+9C(9)) 
2r| 



4050 C(2) (C(5)V2C(3)C(7)) 4725vrC(ll 

7i A I ? 



32 t| 



+ 0(e- 



It is notable that all the coefficients appearing in this expansion are products of zeta values 
multiplied by rational coefficients. Thanks to this, the positive powers of T2 in each D{^} function 
can be matched with a polynomial in Eisenstein series. We find 
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fin 



D4 
D5 



-30^4 + 15 i;| + of" 

-375^5 + 175^2^3 + 
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12288 



C(5) + D^ 



fin 



Dfi = - 



8297625 ^ . .„„„ ^2 o-rr £^ £^ ^5 2 



£;6 + 4900^3^ + 875^2^4 + 4ogg 



C(3)^ + D^ 



fin 



where d{*" is such that lim-r 



fin 
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B.2 The three-vertex case 



(B.12) 
(B.13) 

(B.14) 
(B.15) 

(B.16) 




(a) 




(b) 



Figure 4: The two possible three- vertex diagrams, with £1, £2 and £3 lines joining the vertices defines 
^ii,i2,i3- Setting ?3 = in (b) reduces the figure to the product of two two-vertex diagrams D^^ £^,0 = 
D^j X shown in (a). 



The three- vertex diagrams are associated with the functions D£^_^2,^3 = ^^2^^350,0,0) which 
has the form 



D 



(r) 

where is the momentum of the feth line in the rth leg. Momentum conservation at each 
vertex implies that when one set of integers is empty the diagram reduces to the product of two 
two- vertex diagrams, D^^^^^,© = ^ ^h- Some particular cases are 
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Ji)^|2 



(B.17) 



Do,2,2 



ii'3 



2 ; 



(B.18) 



Do,2,3 — D3 X £^2 • 



For the general case where all the li are non zero we extract the zero mode contribution as 
in the previous subsection by splitting the string propagator into its asymptotic part and the 
finite part at large t-2. Starting with 



<k.3 - /_: / '^"^ta"'^"' ^^^^ ' (^•^^) 



2 ^ 

where none of the integers rii is zero and splitting the propagator, we find the general expression 



ci — Ti-rSi * A 



(ij) l<i<j<3 I ■ ■ ■ l^Sij I 



It is convenient to decompose this into different contributions: 

where D°° represents the contribution where Sj = for all i = 1,2,3, D*^*^^ and D^**^ represent 
the cases where Sj > 1 for all i = 1,2,3 and si = with 82,83 > 2, and D*^'^-' represents the cases 
where si = S2 = 0, S3 > 2. The resulting expressions involve sums of the form 



82, 83,a,(3) - ^ — TT^i . 1^11 rr^2 _ 1^21 n^3 . 1^31 

(B.22) 



(|rni| + |27l£|)"(|27l£| + |22l£|)'^ ' 

where |m'| = Ejl"^jl- This is not one of the expressions that we analyzed in the earlier 
appendices. 

For the term we find 

(202 + 62)1(203 + 63)! 1 



(2(a2 + 03) + 62 + 63 + 1)! (2ai23 + 6123 + 2) ' 
where we are using the compact notation, 

3^123 = a^i + a^2 + a^3 J with x = a, b,corn. (B.24) 

When all si, 82 and S3 are greater than 1, or si = and S2 and S3 greater than 2 we have 

r,(a) _ ^ VTT ^' ('27rro)'^i23-ai23-2 „ 

X + S{s,, S2; S3; /i + 1, Z2 + 1) , (B.25) 



where the summation is over 



— '^i ~^ 

n = ai + bi + a, 
qi+q2 = 2a3 + 63 , 

k = 2ai + bi + qi, 



(B.26) 
(B.27) 
(B.28) 
(B.29) 



and 
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_2 (203^63)! 
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+ (1 ^ 2)] 
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r\ 



3(33, S2; si;li-r + l,l2+r + 1) 



(B.30) 



and when si > 2 and S2 = S3 = in ( p.l9| ) 
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S2=0 i=l 
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aAbAcA 6^=123 



,ci23-ai23-2 ^ 



X f-1 



192 



(203 + 63)! 



gi!g2!(^2 + l) L 
+ (1 - (-l)''^) (2ai23 + 6123 + 2ai23 + 6123 + 2) 



(B.31) 



Substituting these expressions for D'^, Z^^'') and into ( ^^ ) gives the expression for 

-^£1/2^3- This completes the general expression for the three- vertex diagrams. We list a few 
explicit examples obtained by using the above general formulas and simplifying the harmonic 



sums ( |B.22 ). Thankfully, the functions ^(si, S2, S3; a, /3) that we have not evaluated drop out, 
apart from the special cases a = P = and a = P = 1, which are simple to evaluate directly. 
The result for the zero mode expansion of the three vertex functions is 
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(B.32) 

(B.33) 
(B.34) 
(B.35) 



+ l|?((3ftW-^5|^5<(12,)+0(l) (B.30) 



D^^,2 = (4^^ i-^^(12)r2^ + 307rC(3)C(8)T2^ + 177<(5)C(6)r2 

+ 945C(3)^C(6) - ^^C(12)) + 0(1) (B.37) 
dSIs = (^^(12)r| + 30vrC(3)C(8)r| + ^C(5)C(6)r2 

-(33859C(3)2C(6) - 35750C(12))) + 0(— ) . (B.38) 



2764' .V . ,v . ,v ..y 

The notation 0(l/r2) indicates the presence of terms that are suppressed by inverse powers of 
T2 that we have not calculated (and there are also exponentially suppressed terms which are not 
evaluated) . 

As before, we can associate a quadratic function of Eisenstein series that reproduces the 
positive powers of T2 of these zero modes, 

Di,i,i = ^3 (B.39) 



1 ^ 1 



Di,i,2 = -^^4 + ^El + d{% (B.40) 

2592 - - - 11 f f 

32Di,i,3 - 24Di,2,2 = ^ ^5 + 288i?2i?3 - Y^C(5) + 32D(\"3 - 240^2 (B.41) 

162575 7 
Di,i,4 + D2,2,2 - 2Di,2,3 = ^ ^6 + 60 i?| + 55 E2E^ - ^^^C(3)' (B.42) 

"""-^1,1,4 "T -^2,2,2 ^-^1,2,3 

B.3 The four- vertex case 

The general four-vertex diagrams shown in figure ^ have between four and six non-zero £fc's. 
We will begin by computing the general expression for the four- vertex function of figure ||(a) , in 
which = £q = and ^1,^2,^8)^4 are non-zero and arbitrary. 

B.3.1 4=4 = 

In this case we define D^^ ^^2/3/4 = ^ii,e2/3A;0,o^ ^^'^ each four- vertex diagram is the modular 
function 



0^1/2,^3/4 



/ 7 = 1 1=1 + T^l 



(mp\np V{0,0) l^'-<'^^4 ^^==1 ^==1 



In the particular case where one of the ii is zero, say 4 = 0, this reduces to a product of three 
two-vertex functions, D£j_£2,^3,o = ^ii x ^ ^^3) figure ^(c), or D^^ x D^^ as in |6|(a). 

For the general case where all the ii {i = 1,2,3,4) are non zero we extract the zero mode 
contribution as in the previous subsections. We write 



(b) (c) 

Figure 5: The three possible non-degenerate four-vertex diagrams, (a) defines (b) defines 

D^i,£2/3,^4;^5; (c) defines ^ii,i2/3\f-iM-U- 

with 1/4 = 0. Then we have to compute the integrals 

0.— I ' i-^i' JO 

TT ^(E.^.f ') ^(E.,„.n!-%;-^') 

Hj) l<i<i<4 I ■ ■ ■ I^T-Sij I 



The final result can be separated into five contributions: 

r)(0) _ -noo , p,(l) , T^(a) , Y\{b) ^(c) ,^ , „x 

^^l.feAA ~ -^^1/2/3/4 ^ ^^1,^2/3A ^ ^£l,^2/3A ^ ^^l/2A/4 ^ ^^l.fe/sA ^O.^OJ 

where D°° accounts for the case where Sj = for all i = 1,2,3,4; D'-'^^ contains the case where 
three Si vanish; D^^^ contains the case where two Sj, namely Si and Si+i, vanish; D^'^^ contains 
the case where Si and Si+2 vanish; and D^^^ contains all other contributions, namely those where 
Sj > 1 for all i = 1, 2, 3, 4 and those where one of the Sj is zero. 

We are interested in the contributions which are not exponentially suppressed, which means 
that the integration region includes points where l^n-;*''^!!^;*''^ — ^2^\ = 0- Note that this 
is possible only if all k^i^\ with a given {ij) are equal to each other, i.e. k^^^^ = k^^^\ for 
(ij) = 12,23,34 and 14. As a result, S{J2i,j,i^i'^^ ^1'^^) ^ 

ecomes proportional to ^{Y^j^mf''^) so 
it gives no further restriction to the above sums in ( |B.46 ). Therefore, we have to sum over four 
integers Since {£'2 \ — only contributions come from the terms 

with k^^^^ = 0, 1, — 1. In order to identify such contributions, it is convenient to decompose the 



integrals into four contributions: 



Jo Jo Jo Jo Jo Jo Jo Jo Ju^ ' 

Jo Jo Jo Jo Jo Jul' 

= J1 + J2 + J3 + J4 (B.47) 



Now it is easy to recognize the possible contributions of {k^^^\k^'^^\k^^^\k^^^^). For example, 
for Ji, the values of k^'^^^ which will give rise to contributions to the zero mode that are not 
exponentially suppressed arc (0, 0, 0, 0), (1, 1, 1, 1), (0, 0, 1, 1), (1, 0, 0, 1), (0, 1, 0, 1). The next step 
is to consider each separate contribution and perform the integral. Computing the integrals in 
all cases, we find an explicit expression for the general four-vertex function. We will here omit 
the explicit expression since it is very cumbersome. The expression involves, in addition to the 
harmonic sums of the previous subsection S{m,n) and ^(si, S2, S3; a, /?), new harmonic sums 
that are given by 
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where \m}\ = J2j \mj'^\, \rn^\ = Ej Im^l = Ej I^^^Ij \Ek^\ = Ej |"^]^|- addition, the 

result involves particular cases of these harmonic sums: 

Hoi8i,82;a,P,-/) = i?3(0,0, si,S2;a,/?,7) = -^3(0,51,0,82; 7, a,/?) 

So{8i,82;a,P) = S{0,82,8i;a,P) (B.51) 



Running a Mathematica program with the complete expression, we find the following large- r2 



expansions for the zero modes, 
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C(12)r2^ + ^C(3)C(8)r2^ - vrC(5)C(6)T2 + -C(3)^C(6) + O(-) (B.54) 
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From these expressions we can determine the expression quadratic in S^'s that reproduces the 
terms with positive powers of r2, so that, 
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We saw in section ^ and in appendix A. 2 that the constant part in the large T2 expansion is 
needed in order to determine the coefficient of in the ten-dimensional theory. 

In addition to the preceding results, which are needed in order to determine the coefficients 
of the terms up to order that are summarized in the main text, we have also evaluated 

certain terms at higher order. For the vertex functions appearing in the calculation of the 
genus-one coefficient of s''R^ we find 
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For R^, we find 
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C(3)C(5) 

C(3)C(5) 



D 



(0) 

2,2,2,2 



61931520 



173 



D 



cste 
(0) 

1,1,3,3 



15482880 
69 



C(3)C(5) 



(B.63) 



d(o) 
1,2,2,3 



D 



cste 



(0) 

2,1,2,3 



cste 



cste 



9175040 
89 



10321920 



C(3)C(5), (B.64) 
C(3)C(5). (B.65) 



These coefficients are strikingly simple -a rational number times C(3)C(5) ~ even though they 
arise after summing a huge number of terms. 



B.3.2 4 and/or 4/0 

Let us now consider particular four- vertex diagrams where and/or Iq are different from zero. 
In some cases, they reduce to products of lower-point vertex diagrams, as in figure ^(d), given 
by D£i£2^3 D^^. 

More generally, the diagrams are those of figure |5|(b) and figure |5|(c). Although we have not 
evaluated the D functions in these cases for arbitrary nonzero values of ir , we have computed the 
positive powers of T2 and the constant part in two special cases that are needed for evaluating 
terms of order up to = 6. One of these is the diagram in figure ^(c) with all Ir = 1, for 

which the zero mode is 

dS,1;1,i,i = (i^ (il ^(12) r| + C(5)C(6)r2 + ©(l/r^)) , (B.66) 

which leads to the expression 

2791 - 

Di,M;i,i,i = -^£;6 + 2£;|+dSi;1,i,i- (B.67) 

The other special case that we have evaluated is that of figure |5|(b) with ir = ^, for which the 
zero mode is 

°™Ma=(i^lc(10)r| + ^ + O(lM), (B.68) 

which leads to 

DiiiM = -^5 + ^^+d{7i . (B.69) 
' ' • ' 5 30720 ^'^'^'^'^ ^ ^ 

However, we will see in the next section that in order to determine also need 

to evaluate Di^i^i^i;2 and Di^i^i^2;i- These will be obtained by a slightly different procedure in 
appendix 



C. Diagrammatic expansion of the coefficients 

We will here present the expansions (U) of the j(P'9)'s as linear combinations of Dj^j's for values 
of p and q up to order 2p + 3q = 8. We will also substitute the expressions derived in the last 
section for D{£} in terms of Eisenstein series that are used in evaluating the coefficients in the 
ten-dimensional case and the large- T2 power series expansions that are needed for obtaining the 
r-dependent coefficients in the nine-dimensional case. 

We will present the expressions for each j^P'i^ function in the form 

= + J^P'?) + , (C.l) 

where decreases by at least a power of T2 at large T2. The first equality shows the dia- 

grammatic decomposition and the second equality shows how the positive powers of T2 are incor- 
porated in a quadratic form in Eisenstein series and will be appropriate for the ten-dimensional 
calculations. Furthermore, substituting the expansions of Dj^j. derived in the previous appendix 



into the first line of (C.l) gives the expressions contained in the nine-dimensional case in ( |5.25| ). 




(c) 



(d) 



Figure 6: This figure sliows all the degenerate four-vertex diagrams that reduce to products of two- vertex 
and three-vertex diagrams. 



The list of functions of interest to us is the following: 



,-{o,i) 



43 
3! 



(8Di,i,i + 2D3 



(C.2) 



where the D3 contribution^ is represented by the two-vertex diagram of figure |3| of appendix B.l 
with li = 2, and 



= ^ (9D2 + 6Di,i,i,i + D4) 
= ^ (24^2 - 24^4) + <5j(''°) 



(C.3) 



where D4 is the £1 = 4 contribution to figure ^ 



^■^'''^ = ^ S (2D5 + 96D2Di,i,i + 28D3D2 + 32Di,i,3 - 24Di,2,2 + 24Di,i,i,2 - 48Di,i,i,i;i^ 
D 5! 



5 45 

6 5[ 



9864 



97 \ 
h + 1080^^2 + ^C(5) j + 



(C.4) 



where Bi^^g^i.^, Di^^i^t^^i^ and D^^^^^^g^^^.^^ are defined by figure |(b), figure |(a) and figure |(b), 
respectively. 



''In D3 was denoted B2. 



4^/45 1 
= f -5Di + — D2 D4 + 45D?^i^i + -De + 60Di,i,i,3 - 90Di,i,2,2 + 45Di,2,i,2 

46 / 9501120 ^ 3 



ie + 3960ii + 2880 ^2^4 + ^ C(3)^) + <5j(=^'°) . (C.5) 



6! V 691 

= ^ (^De + ^Di - IOD2D4 - 20D3 + 160Di,i,iD3 

+ 40(D2,2,2 + Di,i,4 - 2Di,2,3) - 20(3Di,2,l,2 - 12Di,i,2,2 + 4Di,i,i,3) 

+ 80Di,i,i;i,i,i + 240(Di,i,i,i;2 - 2Di,i,i,2;i)) 

46 / 12345120 -n . A ^ 61 



(C.6) 



+ 5040 El + 3840 ^2^4 + ^ C(3)') + <5j(0'2) 



6! V 691 

where ^i^,i2hU/5,h is defined by figure ||(c) 

All of the D functions that arise in these expressions were evaluated in appendix ^ apart 
from Di. 1^1 1:2 and Di^i i^2:i! which will be determined by a different procedure in appendix]^. 

We also note the sum of diagrams that arise at the next two orders, even though we will 
not evaluate the D functions that arise in these cases in this paper. The coefficient multiplying 
(T2 (T3 is given by 

^ ■ ■ 24Di,i,5 - 60Di,2,4 + 40Di,3,3 + 90Di,i,i,4 - 120Di,i,2,3 + 180Di,2,i,3 



,•(2,1) 



7! 33 • 5 

- 90Di,2,2,2 + 30D2(16Di,i,3 - 12Di,2,2 + 5D2D3) + 120Di,i,iD4 + 25D3D4 + 39D2D5 + D7 



480Di,i,i,3.i + 360(Di,i,2,2;l - Di,2,l,2;l + Dl,2,2,l;l)) ■ 



(C.7) 



The coefficient multiplying (T2R is given by 
4*^ 128 



= ir ^ ( Ds + 84D2D6 - 56D3D5 + 105D2 + 1260D2D4 - 560020^ 
8! 135 



+ 336Di,i,i,5 - 1680Di,i,2,4 + 1120Di,i,3,3 + 840Di,2,i,4 - 3360Di,2,2,3 (C.8) 

+ 560Di,3,i,3 + 1680D2,1,2,3 + 630D2,2,2,2 



The coefficient multiplying (T2CT3 R^ is 

/'■'^ = -^Y^ f D8 + 700D2Di-420D2D4-35Dl + 420Di,i,iD5 + 154D3D5 

+ 14 D2 De + 1680 D3 Di,i,3 + 1260 D2 Di,i,4 + 70 Di,i,6 

- 1260D3Di,2,2 - 2520D2Di,2,3 

- 210 Di,2,5 + 70 Di,3,4 + 1260 D2 D2,2,2 + 210 D2,2,4 

- 140D2,3,3 - 84Di,i,i,5 + 1470Di,i,2,4 - 1120Di,i,3,3 

- 210Di,2,i,4 + 2940Di,2,2,3 - 140Di,3,i,3 - 1680 02,1,2,3 

- 630D2,2,2,2 + 420Di,i,i,i;4 - 1680Di,i,i,2;3 - 1260 Di,2,2,i;2 

+ 3360Di,i,i,3;2 - 2100Di,i,i,4;i - 1260Di,i,2,2;2 + 840Di,i,2,3;i 

+ 2520Di,2,l,2;2 - 4200Di,2,l,3;l + 1260Di,2,2,2;l + 840 Di,2,3,l;l 

+ 1680Di,i,3;i,i,i + 1260D2,i,2;i,i,i - 2520D2,2,i;i,i,i 



(C.9) 



All the D's in the last two equations have been evaluated apart from D^i,^2,^3;^4,^5,^6 ^h/i,^]^,^^ 
with all £yt's 7^ 0. These coefficients that have not been evaluated arise from the 'Mercedes' di- 
agram, figure ^c). 



D. The zero mode of D^^ by another method 

The calculations of appendix ^ become very difficult at relatively low orders, as is evident from 
the fact that we did not evaluate certain D functions that were needed in order to determine 
j(o,2) jj-^ Here we will here present an alternative method for evaluating these functions, 
even though this also has technical difficulties. 

The different diagrams that arise in the low energy expansion can be computed by using the 
representation ( p.l3D of the propagator. We proceed by considering the following generalization 
of the D functions, 

N+l s- 
(mi,ni)7^{0,0) j=l ' * * ' k k 

where Sj are integers and the sum over k involves a subset of the {mi,nj}, according to the 
topology of the diagram, which needs to be specified in order to define this expression completely. 
Certain special cases of these functions correspond to certain D functions. For example, 

(although information on the topology of the diagram needs to be specified in completely defining 
the function 6*2,2, i)- 

D.l Leading and subleading powers of T2 

We will start by determining the first two terms in the expansion of ( p.lD at large T2- To 
illustrate the method, we start with a particular example, 

S 1 So — / "i To i Tq i / \ To ' ^"^^ ' ^) 

' ' mi + nirr**! m2 + n2rr*2 77), _)_ 77),2 + (ni + 712 )Tr*3 

(mi ,11)5^(0,0) 

(m2,ri2)#(0,0) 

The zero mode expansion has the general form 

/^(O) _ _ _Sl+S2+S3 I t 1 _1+S1-S2-S3 I ^2 _1+S2-S1-S3 

^S1,S2,S3 ~ "815283 '2 "siS2S3 '2 """"315253 2 

+ &L253 rl+^'-'^-^' + ■■■ + c.,.2S3 ^-^^ + 0(exp(-cr2)) . (D.4) 

So we begin by computing as^s2s-i and f'^iS2S3- 

The leading term comes by setting ni = n2 = in the sums. This gives 



'•SIS2S3 — 

= 2VF(2si, 2s2, 2S3) + 2VF(2s2, 2s3, 2si) + 2t^(2s3, 2si, 2s2) , (D.5) 



|miP'*i|m2p*2|r?T,i +m2p^3 

mi ,7712 I I I I I I 



where Y^'^^^^^ excludes mim2(mi +711,2) = and W{a,b,c) is the Witten zeta-function of 
( [A.33D whose values are tabulated using the methods of the Appendix A. 3 . For example, one 
gets ai,i,i = 2C(6). 



The term with coefficient ^s^s2S3 comes from = (where we define ns = 711+722). Consider 
in particular the contribution with ni = 0. This is given by 

^Sl+S2+S3 

= V T ^ (D6) 

mi,n2^0 m,2 



Applying the Poisson resummation formula for the summation over 7712 gives 

V},^,= y y^—— dfl- : : ^. (D.7) 



Now the only dependence on t\ is in the factor e~^'^*"'"'2Ti _ ^pj^g ^ero mode is independent of ti, 
so it arises from the = term in the sum. Introducing a new integration variable v = fJ-/{n2T2) 
leads to 

1+S1-S2-S3 



S1S2S3 



-00 



P-t ^,t^^ol"^ll'"l^2P-+2.3-l 7_ (^2 + l).2((^ + J2^)2 + l)S3 



We now consider the limit of large T2. When the sum over 772-1 of l/|r?T-ip^i is convergent (i.e. 
si > ^) the leading term of the expansion of the integrand in powers of 1/t2 is finite. For the 
leading term the integral reduces to 



1 V^r{s2 + S3 - 



{y1 + l)S2+«3 r(s2 + S3) 

so 

= rl^'^-'---^2C(2s{)2C{2s2 + 2.3 - 1) ^^^(^^ + ^3 - ^) _ 

pert r(s2 + S3) 



S1S2S3 

Therefore 



^'i^.^3 = r(,, + ,3) ' C(2si)C(2s2 + 2.3 - 1) . (D.IO) 
As a check, we now compare with the expansions that were calculated earlier. For Dg^^ , we find 

(47r)3 of = Cfl^ = 2C(6)r| + ^^^(S) + 0{t^^) , (D.ll) 

in agreement with the expansion given in section |B.1| . We have multiplied 61 1 1 by 3 since there 
are three identical subleading contributions 61 1 1, i = 1, 2, 3. Similarly, we reproduce the leading 
and subleading terms of the diagrams Di^i^i^2 = C'i,i,3/(4'/r)^, Di^i^i^i;i = C2,2,i/(47r)^. 

We now turn to consider the more general modular function given by ( p.l]) . The expansion 
now has the form 

"-'si,S2,.--,sjv+i ~ "si,...,sjv+i '2 "si,...,sjv+i '2 "I" ' \^-^'^) 

where ^ 

asi,...,sjv+i - y, Imip'^i • • • |mAr|2«iv|mi H hmArP^Jv+i ' (D.13) 

The second term arises by setting to zero all except rij and rij (with the understanding that 
nN+i = Ylik^k)- The corresponding contribution V^'^ is the following one: 

siH hs]v+i 

yN,N+l = 

si,...,S]V+l — 2-^ 2-^ |77liP«l . . . |7?1,Ar_iP*^-l|7TT,Ar + TZattP^JV Ittj^ -| \- niN + 7Z7vTp*'^+l 

m^^Q,i<N mjv I I I I I II I 

(D.14) 



Performing a Poisson resummation in miv we arrive at 



yN,N+l 

^ S1,...,Sn+1 



_^l+siH l-sjv_i-sjv-S]v+i J 

~ ^ ^ Imip'^i • • • |mAr_iP«Jv-i|nfvP'*^+^'''^+i~-'- ' 0^-^^) 



»+oo 1 

J= / dl/ 



n2T2 

Now we would like to extract the leading term in the expansion in powers of 1/t2 of J. When 
si, . . . , stv-i > 1/2, the sums over of l/|mjp*' are convergent and the leading term is simply 
obtained by setting r2 = oo inside the integral. This gives 

^/^TT{sN + SN+l - ^) 

U 



T{sn + Sn+1 
so that 



bZ'!^:sU. = ^''^^^'^-^'^-'l ^- C(2.i) • • • C(2.^-i)C(2.^ + 2.^+, - 1) . (D.16) 
+ r(sAr + SN+l 



Applying ( p. 13 ) and ( D.16| ), we reproduce the first two terms in the expansion of ' given in 
section |B.1| . 

(4^)4Df = C['l^, = 10C(8)t| + ^ C(3)r2 + • • • (D.17) 

We have included a combinatorial factor 4!/2!2! multiplying the subleading term, which counts 
the number of identical subleading terms obtained by setting different rii to zero. Similarly, we 
reproduce the first two terms in the expansion of D5 = Ci^i^i^i^i/(47r)^ and Di^i^3 = Ci^i_i^2/(47r)^ 
(where the precise definition of these C functions requires a specification of the topology of the 
diagram in addition to the values of the integers Si). 

The method outlined in this subsection is particularly useful for diagrams that correspond 
to D functions of the general form D^^'^^j e^-e^ £5 te ^^^^^ '^^ six of the ii are different from 



the first two terms in the expansion of D^'^^ ^.^ ^ ^, defined as the zero ri mode of 



zero, for which we did not derive the general formula in section As an application we compute 
rst two terms in the expa 



'2 



(47r)^ l^-j^ _l_ j2]^TP|m2 + n2Tp|m3 + narPlmi + 771-2 + (rai + n2)Tp 

1 



(D.18) 



+m3 + {ni + ?i3)r|2|mi +7772+^3 + (771 + 772 + 773)r|2 ' 
The expansion of the zero ri mode has the form 

= (4^H + 6r2 + 0(r2-^)) . (D.19) 

The leading term arises by setting all 77j = 0, giving the sum 



m\m'^m'^{mi — {mi — m^Y {mi — m2 — m^Y ^ ^ 



The symbol indicates that the sum does not contain those 777j where the denominator van- 
ishes. Computing this sum gives 

a = — C(12). (D.21) 
691^ ^ ^ ^ 



The subleading term arises from fom' identical sums, in which: a) ni = n2 = 0; b) ni = = 0; 
c) ni = 723, n2 = 0; d) ni = n2, ^3 = 0. Following the above procedure for case a) we perform 
a Poisson resummation on 7713, leading to the result 



mi,m2,n3 i z \ ^/ \ -j/ 



/+00 -j^ 
^ ^^ (^2 + 1)3 = 6^ C(6)C(5) • (D.22) 



D.2 Systematic large-r2 expansion 



We return to the general modular function ( p.ll) . The power-behaved terms of the zero mode 



expansion are T2^~^^'^^ +sn+i ^ . . . ^ t\ ^n+i ^ order to obtain the coefficients of these 

terms one proceeds as follows. The different contributions can be organized in terms of the 
different subsets {n^} where all Uk are zero (the most suppressed contribution is the one where 
none of the rii vanishes). These subsets can easily be visualized by considering a graphical 
representation of the modular function (see figure ^) and remove propagator lines in all possible 
ways leaving diagrams containing closed loops only. For example, in figure ^(a) one could cut all 
propagators in ^4 setting ni = ■ ■ ■ = n^^ = 0, as long as ^1^3 > 2 and (.2 is either zero or £2 > 2, 
so that only closed loops remain in the diagram. For a given subset {n^} of vanishing n^, one 
performs Poisson resummation in all remaining rrii variables with i ^ k. The resulting integral 
is then computed explicitly. The next step is to perform the remaining summations explicitly. 
This step becomes more complicated in diagrams with a large number of propagator lines. In 
this step one can drop contributions which are exponentially suppressed at large T2. 
As an example, we come back to (p.8|) with si = S2 = S3 = 1. Using 



+~ 1 27r 



00 



(zy2 + l)((z. + a)2 + l) 4 + a2 ' 



we find 



Now use 



^111 27r ^ m?|n2| 4nnr| + m? ' (D.24) 

Noting that ?i2^^ coth(2n27rr2) — > |7i2|~^5 modulo exponentially suppressed terms, as T2 — > 00, 
it is straightforward to perform the remaining sum over n2, giving zeta values. Adding the 
multiplicity factor 3 and the leading rf term, we obtain 

{A.f Df = Cfl = 2C(6)r| + vr^CO) - ^ + ^ + , (D.26) 

where represents the contribution where none of the Ui vanishes. This is computed as 
follows. By performing Poisson resummation in mi and 7712 we find 

^ /•+00 3 
^I'li = E / dtiidiJi2-—. r^-—. ^ ^ |2 +0(exp(-27rr2)) . 

J-00 |Atl + iniT2|2|^2 + «ra2T2|2|^l + /i2 + HTli + 712)T2|2 

(D.27) 

Introducing new integration variables /xi = i^i|?7i|r2 and 112 = V2\n2\T2 and computing the 
integrals, we find 

7r2 , 37r2 , , vr^ , 



where S{m,n) is defined in ( A.16|) and we have used ([A.22|) . Thus cancels the similar 
contribution in ( p.26 ). The final result reproduces ( |B.8| ) obtained by using the asymptotic form 
of the propagator. 

We now calculate the first terms in the expansion of Di^i^i^i;2 and Di^i_i^2;i5 which are given 

by 



Di,i,i,i;2 - XI 



r6 

^2 



mi.mj.mg ,"^1 + ?T-iT|^|m.2 + n2T\^\m3 + narplmi + m2 + + (ni + 112 + n3)T\ 



(D.29) 



and 



Dl,l,l,2;l - X] 



ni .no, no 



1 



|mi +1712 + {ni + n2)Tp|m2 +771,3 + ("-2 + "-s)''"! 



(D.30) 



The leading term is of order and arises from the contribution with ni = n2 = = 0. There 
are various contributions according to which rij are zero. Our aim is to compute the expansion 
up to the term constant in T2. Keeping only these contributions, we find 

(47r)6 Di,i,i,i;2 = ^1 + ^12 + 4^13 + 2^1 + O(r-i) 

(4^)' Di,i,i,2;i = ^^^^ r| + V12 + 2Vi3 + V23 + Vi + 0(t,-1) (D.31) 
691 

Here Vij indicates the contribution with rii = rij = and Vi the contribution with rij = 0. To 
compute the leading term of order rl we have used (for mi ^ 0) 

y, 1 _ 4C(2) 6 

(mi + m2)^m| m| 

1 _ 2C(4) ^ 8C(2) 15 



m2 



(mi+m2)X ml ' mf 



— ' (mi + m2j mg m^ m^ m\ 



m2 



Next, for each Vij, Vij we perform Poisson resummation in the m^ with k ^ i,j and integrate 
over the resulting continuous variable Vk- We find 



^12 = 27r 

^3 '"'l"''2l"'dl -'"3' 

^. vr ^ t| 12n2r| + (mi - m3)^ 

^13 = ^ 



mi,m2,n3 "iT"^2l™3| 4n|r2^ + (mi + m2) 



^ mi^,n2 "^l"i3l'^2P (4n2r| + (mi - m3)2)2 
^5 ]^ 

^12 = 27r \ ^ — 27 W', — r . 2 2 I 2 

mfmnimi — m2 n3 AniTn + mn 



Vn = 27r X 



mj + mg — mim3 + 12n2T. 



2^2 
2 



mi,m3,n2 "^T"^3l^2| (4n^r| + mf )(4n^r| + m^)(4n^r| + (mi - m3)2) 

V23 = - y 12nf r| + mj ^^^^^^ 

2 ^^'^^ ("^2 — m3)2m2m3|niP {4:nlT2 + ml^)^ 



Using the identities ( D.32| ) we find 



T T 

Vu = 


Utt 




~3~ 




2l7r 


4 






Vl2 = 






2l7r 


Vi3 = 








V23 = 





C(8)C(3)r| - ^C(5)r2 + ^C(6) + 0{t,') 



^C(6) + 0(r,-^) 



4 ^ 360 ^ '^^''a 



vr 

90' 



(D.34) 



To compute the contribution Vi we Poisson resum the integers m2 and 1713. This gives 



^6 /•+00 2^ 
Vi= ^ df^2df^3^—-. r ^ —7 (D.35) 



mi,n2,n3 



where we have dropped exponentiahy suppressed terms. After introducing 1/2,3 integration vari- 
ables by //2,3 = 1^2,3^2,3 1 T"2 we get 



1 r+oo 
^1 = E ^4|„ I3U I / ^^^^^^ 



™„n„n3 "^>2P|n3| i-oo ' + 1)^(^1 + 1)((^ + ^^21^21 " 1^31^31)2 + {u^ - n,Y) 

(D.36) 

Since we are interested in the leading term 0(r2 ) we can set mi = in the integrand. The sum 
over nil then gives 2C(4). Computing the integrals, one finds sums which can be reduced to 
Witten zeta functions. The final result is 

Vi = — - — C(3)2 (D.37) 
360 180^^ ' ^ ' 

Similarly, we find Vi = Vi. 

To summarize, we have found 

5047C(12) 6 , 14<(8)C(3) 3 , 357rC(6)C(5) 2C(6)C(3)^ , 
Di,i,i,i;2 - (4^)6 691 ^2 + (4^)63 ^2 + (4^)6 2 - (4^)621 + ^(^2 ) 

27965 ^ 35 ^2 7 ^ ^ 2C(6)C(3)2 
= " W + y ^3 + 3 ~ (4vr)6 21 + 

802C(12) 6 , 4vrC(8)C(3) 3 , 437rC(6)C(5) C(6)C(3)^ , ^, ^1, 
Di,i,i,2;i - ^^^^ye^ r2 + (4^)63 ^2 + (4^)64 ^2 - ^^^^ + ©(r^ ) 

691 12 ^ 3 (47r)6 21 ^'^-^'^'i ^ 

The results ( p. 380 , together with (p.l9|) , (|D.21| ), ( p. 221) are used in ( |C^ ) - combined with the 
other vertex functions found earlier - to find the corresponding d\ terms in (5.25). 



E. Phase-space integrals for two-particle unitarity 

We will here evaluate the phase-space integrals that arise in the unitarity analysis of section [4.1| . 
This will involve a number of basic integrals that result from expanding the tree amplitudes in 
(13) in powers of = {a'/4)^ {s^ + t'^ + «'^), a'^ = (a'/Af 3st'u', a'^ = {a'/4)^ {s^ + t"'^ + u"'^) 



and 0-3 = {a'/'ifZst"u'\ where t' u' , t", u" are defined in terms of the internal and external 
momenta in ([4. 91). This leads to integrals of the general form 



S{a,b,c,d) = / d^^kd^+\k^)d^+\ipi+p2-kf){tT'Hu')'"Ht"y~\u'Y-\ (E.l) 



where a,b,c,d are integers. 

The S^^^ functions impose the mass-shell conditions. If we choose the centre of mass frame 
in which = Pi + P2 = (•s^jOg) (where 0^ is the A:-dimensional zero vector) we can write 

6^+\iq - kf) = yj{k' - i s^) , 6^+\e) = J <5(fc° - 1^1) . (E.2) 
so that k^ has the form 

F = (A:0,fc) = ^(l,n9), (E.3) 



where ng is the unit nine-vector. The integral ([E.!]) may be evaluated by choosing the momenta, 
which satisfy the on-shell masslessness condition, to take the following form, 

p^ = y(l,l,08) p^ = y(l,-l,08) 

1 1 

P3 = Y ^°^P' ^^^^P' , ^"4 = Y -sinp, O7) 

k^ = — (1, COS0, sin0cos</>, sin0sin(/>n7) , (E.4) 
where n7 is the unit seven-vector and the scattering angle, /), is given by 

cos p = ^ . (E.5) 

s 



Changing variables from fc* (i = 1, . . . , 9) to 9, (j), ny, the measure of integration becomes 
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„3 

d^^k6'^+\{q-kf)6'^+\k'^) = -.{smey {sin cbfdOdcpd'^nr 5{n^j-l). (E.6) 



In this parametrization we have 

t' = 2pi ■ k = —-{1 — cos 9) , t" = —2p4 ■ k = —-{1 + cos 9 cos p + sin 9 cos (j) sin p) , 

li' = 2p2 • k = — - (1 + cos9) , n" = — 2p3 • = — - (1 — cos^cos/o — sin cos </> sin /?) (E.7) 

The integral over the seven dimensional unit vector fij gives an overall factor of the volume of 
the six-dimensional sphere vo^S*^) = 1Qtt^/15. 

Substituting the term of order (^(3)R^ introduces a factor of st"u" into one of the tree 
amplitudes on the right-hand side of ( |4.2| ), with the lowest order term in the other, leading to 
an integral of the form (E.l) with a = 6 = and c = d = 1, 

5(0,0,1,1) =2C(4)s, (E.8) 

which determines the coefficient of the threshold terms of order a'^ s'* log(— S//X4). 

Similarly, substituting the expansion of one tree-level amplitude at order ("(5) (T2 R"^ and the 



lowest order term in the other in (4^) leads to an integral of the form ( |E.1[) with a = 6 = and 

c = d = 2, 

5(0, 0, 3, 1) = ^ s (31 s^ + {t- uf) , (E.9) 
which determines the coefficient of the threshold terms of order a'^ \og{—s/pQ). 
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